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CHAPTER 1
INTRODUCTION
1.1 Stellar evolution in a nutshell
A star is a gravitationally bound object that radiates energy delivered by an
intrinsic source. Gravity would contract a star into a black hole if it were not
for a counteracting force. A typical star like our Sun spends the first 90% of
its life in the main sequence phase, during which it fuses hydrogen to helium
in the core. The outward force is then provided by gas pressure, and the star
is in hydrostatic equilibrium. When the central hydrogen fuel is exhausted, the
equilibrium is disrupted and the core contracts. What happens next depends on
the stellar mass.
For stars below ∼2 M (mass of the Sun) the helium core contracts until the
density is so high that the classical Boltzmann distribution no longer applies to
the free electrons in the hot stellar core. In that case, quantum effects become
important and the electron distribution is determined by the Pauli exclusion prin-
ciple. The latter states that no two identical fermions (e.g. electrons or neutrons)
can share the same quantum state. As a result, electrons are forced into higher
energy states and a so-called ‘degeneracy’ pressure arises. It is this pressure that
impedes further contraction of the core. Just above the dense helium core, hydro-
gen burning proceeds in a shell adding helium to the core. The outer hydrogen
layers expand and cool; the star becomes a red giant. As the degenerate core
grows in mass, the temperature rises and finally gets high enough for helium ig-
nition. In an ideal gas, an increase in temperature would be accompanied by an
increase in pressure. This would cause the gas to expand and cool in response,
thus stabilizing the nuclear reactions. In degenerate matter, however, the pres-
sure is independent of the temperature. Consequently, helium burning starts with
a thermonuclear runaway process called the core helium flash. The gas pressure
keeps increasing though, and the runaway process ends when the gas pressure ex-
ceeds the degeneracy pressure. The degeneracy is then lifted and helium burning
continues stably. On the other hand, stars with masses above ∼2 M reach the
temperature for helium ignition (∼108 K) before the core can become degenerate.
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Therefore, more massive stars start helium fusion quiescently.
During the core helium burning phase, helium is converted to carbon and
oxygen. For stars less massive than ∼8 M, the core contracts and becomes
degenerate once more after central helium exhaustion. The following evolutionary
stage is called the asymptotic giant branch phase, as the star turns into a red
giant again. During this phase, the star experiences periodic helium flashes in
a thin shell surrounding the core, also known as thermal pulses. These are not
(necessarily) related to degenerate matter, but caused by the compression of the
thin shell by the mass above it. The inability to expand leads to thermally
unstable nuclear burning. Along the asymptotic giant branch, the outer stellar
layers are blown away by strong stellar winds until an almost naked core remains.
As the expelled envelope is ionized by the radiation of the hot core, it is visible as
a planetary nebula. The degenerate carbon-oxygen core cools down and is called
a white dwarf.
A small fraction of stars have initial masses above 8 M and get hot enough
for subsequent burning stages that produce increasingly heavier atoms up to iron.
Stellar nucleosynthesis stops then, because iron has the most tightly bound nu-
cleus. To fuse heavier atoms would require energy instead of liberating it. If the
iron core is degenerate, it can grow until it exceeds the Chandrasekhar limit of
∼1.4 M, which is the maximum mass that can be supported by the electron
degeneracy pressure. Consequently, the core collapses, releasing gravitational po-
tential energy and producing a shock wave that expels the star’s outer layers.
This explosive event is called a supernova. The energy output is tremendous; a
supernova can outshine an entire galaxy for weeks, and finally, elements heavier
than iron can be formed. For core masses between about 1.4 and 3 M, the su-
pernova remnant will be a neutron star, in which the neutron degeneracy pressure
balances the gravity. For heavier core masses, gravitational collapse cannot be
halted and the star dies as a black hole.
When the supernova shock wave passes through a nearby molecular cloud,
it causes gas to compress. This can trigger star formation, and the evolution
cycle starts over again. The new generation of stars (and planets) is enriched by
the material produced by their ancestors. This process, called galactic chemical
enrichment, is crucial for life as we know it, since during Big Bang nucleosynthesis
no elements heavier than beryllium were formed.
For a comprehensive presentation of stellar evolution we refer the interested
reader to Kippenhahn (1994) or Hansen et al. (2004).
1.2 Complications to the simple picture
1.2.1 Binary stars
The above picture is complicated by the fact that many stars are part of a binary,
that is to say a system of two stars orbiting around their mutual center of mass.
It is convenient to describe such a system in a reference frame corotating with the
stars. In a non-inertial reference frame, such as a rotating frame, fictitious forces
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appear. The effective potential is then set by the gravity of the stellar masses
and the centrifugal force. The geometry of the equipotential surfaces determines
the binary evolution. The most important equipotential is the one that defines
the Roche lobes of the two stars, see Fig. 1.1. Within a star’s Roche lobe, the
potential of that star dominates and matter is gravitationally bound to it. As long
as both stars remain within their Roche lobes, their evolution proceeds largely
unaffected by the other star.
In close binaries, however, a star can overflow its Roche lobe, either by an
increase in its radius (e.g. during the red giant phase), or a decrease in the Roche
lobe (e.g. due to angular momentum loss via gravitational wave radiation). In
such a situation, mass is transferred from one star (donor) to the other (accretor)
through the intersection of the two Roche lobes, called the first Lagrange point,
see again Fig. 1.1. The way mass transfer proceeds depends on the donor’s
reaction to mass loss. Three situations can be distinguished (see e.g. Pols &
Marinus 1994):
Stable Roche lobe overflow : The donor contracts more rapidly (or expands
less rapidly) than its Roche lobe. Mass transfer is then driven by either the
expansion of the donor due to nuclear burning, or by the reduction in the
orbit due to angular momentum loss. In both cases, mass transfer rates are
typically low; the donor will remain close to thermal and hydrostatic equi-
librium and the accretor usually has no problem accreting the transferred
matter. In that case, the system’s total mass and angular momentum are
conserved, and the orbit typically widens.
Thermal timescale Roche lobe overflow : The donor stays in hydrostatic
equilibrium but not in thermal equilibrium. In an attempt to regain thermal
equilibrium, the donor keeps expanding and overfilling its Roche lobe, but
only by a small amount. Mass transfer rates are higher than in the previous
case, and it will depend on the nature of the accretor how much of the
transferred matter can be accreted. Whether the orbit shrinks or widens
also depends on the details of the mass transfer.
Dynamically unstable Roche lobe overflow : The mass loss causes the donor
to lose hydrostatic equilibrium, and the donor responds adiabatically by
overflowing its Roche lobe by a large amount. The result is a runaway mass
transfer and hardly any matter can be accreted. The transferred mass
then forms a common-envelope that engulfs both stars, and rotates with a
differential velocity with respect to the binary. This gives rise to frictional
forces and the two stars spiral inwards. The released gravitational potential
energy goes into heating and ejection of the common-envelope. What is left
is a very narrow binary with a separation much smaller than before, or, in
the case the two stars merge, a new single object.
The main effect of mass transfer on the evolution of a star is the premature
removal of the outer hydrogen layers. In this way new types of stars can be
formed such as helium white dwarfs and subdwarf B stars (hereafter sdB stars).
3
Chapter 1
Figure 1.1: Roche lobes of the sdB+MS binary system NY Virginis. This 2D
picture gives the intersection of the system with the orbital plane. L1 stands for
the first Lagrange point. The Roche lobe of the compact sdB star (left) is much
larger because it is more massive than the main sequence star (right). This system
is eclipsing and contains a pulsating sdB star, see Fig. 1.2 and Chapter 2.
The latter objects are the subject of this thesis. These stars have a helium
burning core surrounded by only a very thin layer of hydrogen. Their evolutionary
history is not yet completely understood, although various formation channels
have been proposed. One possibility involves the merger of two helium white
dwarfs (Webbink 1984); if the merger product is massive enough, it ignites helium
and becomes a single sdB star. Most sdBs, however, are believed to descend from
red giants that experienced considerable mass loss. The mass loss was at first
attributed to enhanced stellar winds along the red giant branch (D’Cruz et al.
1996). The identification of a large fraction of sdBs in binaries, however, led to
the idea that binary interaction and removal of mass via mass transfer must play
a key role in sdB formation (see Han et al. 2002 and references therein). An sdB
star in a wide binary is thought to be formed by stable Roche lobe overflow, and
a narrow sdB binary by common-envelope ejection.
1.2.2 Unsolved problems
The evolution of stars and binaries is well understood in general terms. Still,
our comprehension is hampered by uncertainties in various physical processes. A
significant unknown is what exactly happens during the common-envelope phase.
This complicated hydrodynamical process is difficult to model, and one usually
uses a parametric description to predict the outcome. The parametrization is
based on conservation of either energy or angular momentum (see Chapter 2).
Obtaining constraints on the common-envelope phase is important, because it
would improve our understanding of the formation of many interesting systems
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such as sdBs, gravitational wave sources, and compact binaries that produce
high-energy phenomena in the universe.
Another poorly understood phase in stellar evolution is the core helium flash.
It is clear that this energetic event is not catastrophic like a supernova, since
different classes of observed stars (sdBs, horizontal branch stars) apparently sur-
vived the helium flash. Nevertheless, 1D and 2D numerical computations of the
flash give conflicting results predicting either a severe explosion (e.g. Edwards
1969) or a gentle but rapid ignition (e.g. Cole & Deupree 1980). The latest
progress, made with 3D hydrodynamical simulations, do not show any explosive
behaviour (e.g. Dearborn et al. 2006; Moca´k et al. 2008). Due to limitations in
current computer power though, uncertainties remain in the details of the out-
come, such as the extent of flash-induced convective mixing and the amount of
helium burning during the flash (see Chapter 5).
Furthermore, the evolution of stars is extremely sensitive to interior mixing
processes, caused by, for example, turbulence, rotation, or atomic diffusion. Ex-
tensive mixing can transport fresh fuel to nuclear burning regions, and hence have
a direct impact on stelllar lifetimes and (galactic) chemical abundances. Unfor-
tunately, we currently lack detailed knowledge of the action of these important
processes in stellar interiors.
1.3 Asteroseismology
The key to solving the above mentioned (and many other) problems is in the
determination of the internal stellar structure. Indeed, the star’s structure and
composition should contain telltale signatures of its previous evolution and inte-
rior processes. But how are we supposed to unravel these, if the only information
we receive is the light emitted from a star’s surface?
The answer lies very close to home: Seismologists have mapped our planet’s
interior in detail by studying earthquakes and the propagation of waves through
the Earth. Of course, the method of asteroseismology is very different as we
cannot sit on a stellar surface to measure the vibrations. Still, stellar vibrations
can be observed as periodic variations in a star’s light (see Fig. 1.2) and spectral
line profiles. The waves propagating through the interior manifest as surface
movements, causing the entire star to pulsate in its resonant eigenmodes (standing
waves). Like different music instruments produce different sounds, different stars
will pulsate in different modes and eigenfrequencies depending on the star’s mass
and structure. Hence, an accurate measurement of the pulsation frequencies and
identification of the modes will allow detailed mapping of the internal stellar
structure. This is the goal of asteroseismology.
The potential of stellar oscillation studies has already been proven for our Sun.
Helioseismology reveals the solar interior and provides information on, amongst
other things, the internal rotation, depth of the convection zone, and atomic dif-
fusion (see Christensen-Dalsgaard 2002 for a review). Moreover, helioseismology
gave the first indication that the solar neutrino problem was not caused by erro-
neous solar models, but by incomplete neutrino physics (e.g. Bahcall et al. 1997).
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Figure 1.2: Lightcurve of the eclipsing binary NY Virginis with a pulsating sdB
star. The deep (shallow) dips are due to primary (secondary) eclipses, where the
light of the sdB (main sequence) star is blocked by its companion. The small fluc-
tuations show the intrinsic pulsations of the sdB star. Different colours correspond
to observations in different photometric filters, i.e. wavelength bands. The ratios
of pulsation amplitudes in different filters contain information on the pulsation
mode’s spherical degree l (see Chapter 6). Figure from Vucˇkovic´ et al. (2007).
This was confirmed by the inclusion of neutrino oscillations in the Standard Model
of particle physics (Ashie et al. 2004). Great successes have also been achieved
for white dwarfs; their oscillations reveal the mass, compositional stratification,
and even some evidence of a crystallized ‘diamond-like’ core in some white dwarfs
(e.g. Winget et al. 1991; Metcalfe et al. 2004). Asteroseismology of other types
of stars (main sequence stars, red giants, sdBs) is more challenging, but certainly
progressing.
For a complete overview of the research field of asteroseismology we refer to
the monograph by Aerts et al. (2009). Below we briefly address the topics relevant
to this thesis.
1.3.1 Driving mechanisms
Seismology of the Earth is dependent on earthquakes to produce seismic waves.
For large enough earthquakes, the eigenmodes of the Earth can be measured for
a few days, which give stronger constraints on the deep interior than the waves
alone. Analogously, when we observe a star that pulsates continuously, there
must be a mechanism that keeps exciting its eigenmodes. There are several types
of driving mechanisms for stellar oscillations, here we only mention the two main
ones:
The most common driving mechanism, called the κ-mechanism, works ac-
cording to the principle of a heat engine. The pulsations are driven by a
net conversion of radiation into kinetic energy. This mechanism requires
6
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the opacity (κ), which is a measure of the stellar material’s efficiency of ab-
sorbing photons, to increase during compression of the stellar material. In
this way, energy radiated outwards is trapped during the contraction phase
of the pulsation cycle, and released during the following expansion phase.
It turns out that the stellar regions that can act like such a heat engine,
are the (partial) ionization zones. The thermal relaxation time of the ion-
ization zone gives roughly the period of the modes that can be efficiently
driven. The κ-mechanism is responsible for the pulsations in the stars of
our interest, namely the sdB stars.
Alternatively, when a star has a large outer convective layer, turbulent mo-
tions can stochastically excite the eigenmodes. In this case, the driving
comes mainly from the interaction of random pressure fluctuations, caused
by convection, with the periodic gas displacements of oscillation modes.
Stochastically excited oscillations are also called solar-like oscillations be-
cause of their presence in the Sun.
The conditions under which a star can pulsate are sensitive to the star’s effective
temperature (i.e. surface temperature) and luminosity (i.e. power output at the
surface). This causes pulsating stars to group together in so-called instability
strips in the Hertzsprung-Russell diagram, see Fig. 1.3.
1.3.2 Stellar seismic modelling
A star can be considered as a gaseous sphere for which the equations of hydrody-
namics apply, i.e. conservation of mass, momentum, and energy. These conserva-
tion laws, together with the processes of energy transport in a star (by radiation,
convection or conduction), equation of state, and nuclear reaction rates, steer
the evolution of a star. In a stellar evolution computer code, one makes use of
the fact that a star is approximately spherically symmetric, and in hydrostatic
equilibrium for most of its life. The equations of stellar evolution then reduce to
a set of differential equations that can be solved with the appropriate boundary
conditions and input physics. A solution to these equations, i.e., the output of a
stellar evolution code, is an equilibrium model of a star’s interior structure at a
certain moment in its evolution.
A pulsating star is not in equilibrium though, but oscillates around its equi-
librium configuration. The physical quantities, such as pressure, density and
temperature, vary periodically around their equilibrium value. Generally, the
amplitudes of the variations are small, and one can apply perturbation theory in
the linear approximation. This means that the (hydrodynamical) stellar structure
equations are perturbed and only the first order terms are considered. The set of
perturbed equations forms an eigenvalue problem of which the eigenfunctions are
the perturbed physical quantities. Owing to the small deviation from spherical
symmetry, the angular (θ, φ) parts of the perturbed quantities are eigenfunctions
of the operator:
L2 = − 1
sin θ
∂
∂θ
(
sin θ
∂
∂θ
)
− 1
sin2 θ
∂2
∂φ2
.
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Figure 1.3: The different classes of known pulsating stars in the Hertzsprung-
Russell diagram, in which the luminosity is plotted against the effective temper-
ature of the stars. The hatching \\ indicates p-modes and // g-modes (see
§1.3.2), both driven by the κ-mechanism. The hatching = is used for solar-
like oscillations, which are p-modes excited by convective motions. Figure from
Christensen-Dalsgaard (2004).
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The spherical harmonics Y ml (θ, φ), which form a complete set of orthogonal func-
tions, are well-known eigenfunctions of L2. This implies that the general solutions
to the perturbed equations can be written as:
~X(~r, θ, φ, t) = Re
( +∞∑
l=0
+l∑
m=−l
+∞∑
n=0
Al,m,n ~Xl,m,n(r)Y
m
l (θ, φ)e
iσl,m,nt
)
. (1.1)
A certain mode of oscillation is characterized by the wavenumbers (l,m, n), that
represent the geometry of a pulsation mode. The spherical degree l indicates the
number of nodal lines on the stellar surface, m is the azimuthal order and ex-
presses the number of surface nodal lines that go through a chosen symmetry axis
(usually the star’s rotation axis), and the radial order n represents the number
of nodal surfaces inside the star. For a non-rotating star, the eigenfrequencies
σl,m,n are degenerate in m, but in reality stars are rotating and the degeneracy is
lifted. Modes with the same l and n but different m will then have different fre-
quency values, and the frequency shifts depend on the value of m and the stellar
rotational velocity. This effect is called rotational mode splitting and can be used
to infer a star’s (internal) rotation. The spherical degree l can in principle be
deduced from observations (see Chapter 6), but the radial order n is not directly
observable and must be derived from a theoretical model.
Returning to Eq. (1.1), we note that the real part of the eigenvalue σl,m,n gives
the angular frequency of the mode, and the negative of the imaginary part of σl,m,n
gives its growth rate. If the growth rate is negative (positive), then the mode
is vibrationally stable (unstable), i.e. the oscillation is damped (excited). In the
adiabatic approximation (i.e. the entropy does not change during an oscillation
cycle), the problem reduces to a hermitian eigenvalue problem with pure real
eigenfunctions and eigenvalues1. Although the solutions are much easier to find
in this case, it is impossible to determine whether a mode is stable or unstable.
The study of mode excitation thus requires a non-adiabatic treatment, in which
the periodic heat transfer is included.
For non-radial modes (l > 0), one can distinguish two families of solutions to
the perturbed equations: the acoustic or pressure (p-)modes with high frequen-
cies, and gravity (g-)modes with low frequencies. The p-modes are characterized
by pressure perturbations for which pressure provides the main restoring force.
Their gas displacements are primarily in the vertical (longitudinal) direction. On
the other hand, g-modes are associated with density perturbations for which buoy-
ancy acts as the dominant restoring force. In this case, vertical movements are
hindered; in order to move vertically a gas element must displace its surrounding
material horizontally. Thus, g-modes have mainly horizontal (transversal) move-
ments. Most stars show either p- or g-modes. For example, g-modes are observed
in white dwarfs, whereas the thousands of oscillations found in the Sun are of
p-mode nature. Interestingly, sdB stars are among the rare pulsator classes that
can exhibit both types of pulsations (see Fig. 1.3). The p- and g-modes propagate
1The eigenvalues can in principle also be pure imaginary, but these are not of interest for
asteroseismology.
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through different regions of a star, so together their frequencies contain a wealth
of information.
A stellar oscillation code, adiabatic or non-adiabatic, takes as input an equi-
librium stellar model and calculates the eigenfunctions and frequencies. The
non-adiabatic code is numerically much more complex, but has the important
advantage that it can determine the driving of the modes. Moreover, in the outer
stellar layers where the thermal relaxation time is short, the adiabatic assump-
tion breaks down. These regions are not very significant for determining the
frequencies, but they are important for the computation of the amplitudes and
phases of the variations of observed physical quantities. The variation of effective
temperature and surface gravity, together with the appropriate atmosphere mod-
els, allow predictions of line profile variations and amplitude ratios (see Chapter
6). These can be compared to observed spectroscopic line profile variations and
photometric amplitude ratios. Since the wavelength dependence of a mode’s am-
plitude and phase is sensitive to the spherical degree l, the comparison enables
mode identification. This gives a necessary constraint when matching observed
pulsation frequencies to the ones predicted by theory. By optimizing the match,
one can infer the stellar structure and by a feed-back process improve the input
physics of the stellar models. That is the essence of asteroseismology and also
the ultimate goal of our work.
1.4 This thesis
This thesis is concerned with the unknowns of sdB stars, and we aim to explore
these enigmatic stars by means of asteroseismology. In particular, we wish to
address the following scientific questions: Chapter 2 : What constraints can we
find on the mass of an sdB star by backtracking its evolution? Vice versa, once we
have a (seismic) mass determination, what can we learn about the sdB formation
history? We focus on the case of the post-CE binary PG 1336−018, that contains
a rapidly pulsating sdB star. Chapter 3 : Are sdB stars from different progenitors
distinguishable in terms of their pulsational properties? In particular, can we use
asteroseismology to recognize an sdB star that experienced a helium flash from
and sdB star that ignited helium under non-degenerate conditions? Chapter 4 :
How does gravitational settling in sdB stars and their progenitors affect the sdB
evolution and pulsational properties? Chapter 5 : Are the properties of g-modes
in sdB stars sensitive to details of the stellar interior, and in particular to what
exactly happened during the helium flash? Further, can we explain the g-mode
instability strip with our improved models? Chapter 6 : How do our theoretical
amplitude ratios compare with the observed ratios for PG 1336−018. Can mode
identification be achieved for this interesting system?
To answer these questions, we have constructed stellar evolutionary models
that are suitable for seismic studies. We developed a working method by inte-
grating the use of adapted versions of existing computer codes: stars (Eggle-
ton 1971), osc (Scuflaire et al. 2007), mad (Dupret 2001), and photmodeID
(Dupret et al. 2003). We improved and added important input physics in the
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stellar evolution code stars, which was necessary to understand observed phe-
nomena of pulsating sdB stars. The stellar oscillation codes mad, osc, and
photmodeID had hitherto not yet been applied to sdB stars, while stars was
so far not used in asteroseismology. Our developed methodology is shown in a
context diagram in Fig. 1.4. Details and references can be found in Chapters 2
to 6. A summary of the conclusions and our plans for future work are presented
in Chapter 7.
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Figure 1.4: Diagram of our working method. The shaded boxes represent the
computer codes we used. The thick solid lines indicate our adaptations to make the
codes/input physics suitable to achieve our scientific goals. The underlined texts
indicate the specific areas where we made improvements/additions. The theoretical
output quantities that can be confronted with observations are printed in bold
type. The feedback-process by which the input physics and stellar parameters can
be constrained is indicated with dashed lines. We marked with dot-dashed lines
the future work we plan to do (see Chapter 7).
12
CHAPTER 2
AN EVOLUTIONARY STUDY OF THE PULSATING SUBDWARF B
ECLIPSING BINARY PG 1336−018 (NY VIR)
H. Hu, G. Nelemans, R. Østensen, C. Aerts, M. Vucˇkovic´, P. J. Groot
A&A, 2007, 473, 569
Abstract: The formation of subdwarf B (sdB) stars is not well
understood within the current framework of stellar single and binary
evolution. In this study, we focus on the formation and evolution
of the pulsating sdB star in the very short-period eclipsing binary
PG 1336−018. We aim at refining the formation scenario of this
unique system, so that it can be confronted with observations. We
probe the stellar structure of the progenitors of sdB stars in short-
period binaries using detailed stellar evolution calculations. Applying
this to PG 1336−018 we reconstruct the common-envelope phase dur-
ing which the sdB star was formed. The results are interpreted in
terms of the standard common-envelope formalism (the α-formalism)
based on the energy equation, and an alternative description (the γ-
formalism) using the angular momentum equation. We find that if the
common-envelope evolution is described by the α-formalism, the sdB
progenitor most likely experienced a helium flash. We then expect
the sdB mass to be between 0.39 and 0.48 M, and the sdB progen-
itor initial mass to be below ∼2 M. However, the results for the
γ-formalism are less restrictive, and a broader sdB mass range (0.3 -
0.8 M) is possible in this case. Future seismic mass determination
will give strong constraints on the formation of PG 1336−018 and, in
particular, on the CE phase.
2.1 Introduction
Subdwarf B (sdB) stars are the dominant population of faint blue objects at high
galactic latitudes (Green et al. 1986), and are found in both the disk and halo.
They are also ubiquitous in giant elliptical galaxies, where they are believed to be
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the main source of the ultraviolet excess (Brown et al. 1997). In the Hertzsprung-
Russell diagram they lie on the blue extension of the Horizontal Branch, and are
therefore also known as Extreme Horizontal Branch (EHB) stars. It is generally
thought that they are low mass (0.5 M) core-helium burning stars with extremely
thin hydrogen envelopes (< 0.02 M) (Heber 1986; Saffer et al. 1994). Their
envelopes are too thin to sustain hydrogen burning, hence they will evolve directly
to the white dwarf cooling track after core-helium exhaustion, without going
through the Asymptotic Giant Branch and Planetary Nebulae phases.
It is not clearly understood how the sdB progenitor manages to lose almost
its entire hydrogen-envelope, but nevertheless starts core-helium fusion. Both
single star evolution with enhanced mass loss on the Red Giant Branch (RGB)
(D’Cruz et al. 1996), and binary evolution models (Mengel et al. 1976) have been
proposed as formation channels. Extensive surveys show that a large fraction of
sdB stars are in binaries (e.g. Allard et al. 1994; Morales-Rueda et al. 2006). This
motivated Han et al. (2002, 2003) to perform a detailed investigation of the main
binary evolution channels that can produce an sdB star. They found that an sdB
star can be formed after one or two common-envelope (CE) phases producing a
short-period binary (P from ∼0.1 to ∼10 d) with respectively a main sequence
(MS) or a white dwarf (WD) companion. Only one phase of stable Roche Lobe
overflow (RLOF) is predicted to contribute to the sdB population. This channel
produces a wider binary (P from ∼1 to ∼500 d) with an MS companion. Single
sdB stars are explained by the merger of two helium white dwarfs (WD). The
binary population synthesis models for these formation channels (Han et al. 2003)
predict a mass distribution of sdB stars that sharply peaks at the canonical value
of 0.46 M, but it is much wider (0.3 - 0.8 M) than previously assumed. The
wide mass range is partly due to stars which ignite helium under non-degenerate
conditions. These systems had not been explored as sdB progenitors before.
A fraction of sdB stars show multimode short-period oscillations with ampli-
tudes in the milli-magnitude range. They are observed to have surface gravities
(log g) between 5.2 and 6.2 and effective temperatures (Teff) between 28,000 and
36,000 K. This class of pulsators is known as sdBV or V361 Hya stars. They
are also often referred to as EC 14026 stars after the prototype, discovered by
Kilkenny et al. (1997). Independently, these oscillations were theoretically pre-
dicted to be driven by an opacity mechanism (Charpinet et al. 1996). A seismic
study can provide detailed constraints on the sdB interior, most importantly the
total mass and the mass of the hydrogen-envelope, which are essential ingredients
to tune the sdB formation scenarios.
An excellent laboratory for a detailed seismic and evolutionary study is the
sdB pulsator in the short-period (2.4 h) eclipsing binary PG 1336−018, also known
as NY Vir. The sdB primary was discovered to pulsate by Kilkenny et al. (1998),
and has been the target of a Whole Earth Telescope campaign (Kilkenny et al.
2003). However, an adequate seismic model has not been determined yet due to
the lack of colour information. In future work, we will attempt to achieve this
by using high-precision VLT photometry and spectroscopy of this target star.
An overview of the data and the orbital solution can be found in Vucˇkovic´ et al.
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(2007). Here we present a progenitor study of PG 1336−018 from a theoretical
point of view. Assuming the sdB mass to be the canonical 0.5 M, Kilkenny
et al. (1998) derived a mass for the companion of 0.15 M and estimated its
class to ∼M5V. In view of the wide sdB mass distribution predicted by Han
et al. (2003), we drop the assumption on the sdB mass and investigate the range
of initial system parameters for binaries that evolve into a PG 1336−018-like
configuration.
The current orbital separation ∼0.8 R (Vucˇkovic´ et al. 2007), is much smaller
than the radius the sdB progenitor had as a red giant. This implies that the
system evolved through a common-envelope (CE) and spiral-in phase. At the
start of mass transfer, the giant must have achieved a certain minimum core
mass, for the core to still ignite helium after loss of the envelope. However, mass
transfer must have started before the giant reached the tip of the RGB, because
after the tip the giant starts to contract. The range that the giant’s core mass
and radius can have, has been calculated by Han et al. (2002) as a function of
the zero-age main sequence (ZAMS) mass. They showed that the minimum core
mass required for helium ignition is typically within 5% of the core mass at the
tip of the RGB, where their definition of the core mass boundary is closely related
to the layer of maximum energy production rate (Han et al. 1994). We perform a
similar study here, but with some refined constraints. Most importantly, we take
into account that the minimum core mass for helium ignition depends sensitively
on the hydrogen envelope that is kept by the star.
While a progenitor study of PG 1336−018 sheds light on the origin of sdB
stars, the future evolution of this system is interesting in the context of cata-
clysmic variables (CVs). Schreiber & Ga¨nsicke (2003) found that PG 1336−018
will evolve into a semi-detached configuration within the Hubble-time and thus
is representative for progenitors of present-day CVs. However, they mistakenly
took the relative radius of the secondary from Kilkenny et al. (1998) as the ab-
solute radius. Furthermore, we now have more accurately determined system
parameters than Kilkenny et al. (1998). Therefore we reinvestigate the status of
PG 1336−018 as a pre-CV as well and find that the main conclusion by Schreiber
& Ga¨nsicke (2003) remains true, i.e. PG 1336−018 is representative for progeni-
tors of present-day CVs.
The outline of this Chapter is as follows. Section 2.2 briefly describes the
stellar evolution code used in this study, and the procedure we adopted for our
calculations. Section 2.3 presents the results we obtained by probing the stellar
structure of progenitors of sdB stars in short-period binaries at the onset of
mass transfer. In particular, we present the pre-CE orbital separation of possible
progenitors of PG 1336−018. This is used in Section 2.3.2 to constrain the CE
evolution. The results are discussed in Section 2.4 and summarized in Section
2.5.
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2.2 The evolutionary calculations
2.2.1 The stellar evolution code
We compute the stellar evolution with the numerical computer code originally
developed by Eggleton (1971, 1972, 1973) and Eggleton et al. (1973), and up-
dated by Han et al. (1994) and Pols et al. (1995, 1998)1. The updated ver-
sion of the code uses an equation of state that includes pressure ionization and
Coulomb interaction, opacity tables derived from Rogers & Iglesias (1992) and
Alexander & Ferguson (1994), nuclear reaction rates from Caughlan et al. (1985)
and Caughlan & Fowler (1988), and neutrino loss rates from Itoh et al. (1989,
1992). The code uses a self-adaptive, non-Lagrangian mesh. During an iteration
it solves implicitly and simultaneously the stellar structure equations, the chem-
ical composition equations and the equations governing the mesh-spacing. Both
convective and semi-convective mixing are treated as diffusion processes. Izzard
& Glebbeek (2006) recently developed a graphical user interface, Window To
The Stars (WTTS), to Eggleton’s code. WTTS significantly simplifies running
the code and allows immediate analysis of results.
We use a mixing-length parameter (the ratio of the mixing-length to the local
pressure scaleheight) of α = l/Hp = 2.0. Convective overshooting is included
using an overshooting parameter δov = 0.12 which corresponds to an overshooting
length of ∼ 0.25Hp. We use a Reimers’ wind mass-loss rate (Reimers 1975),
M˙wind = 4× 10−13η (R/R)(L/L)
(M/M)
[Myr
−1], (2.1)
with an efficiency of η = 0.4 (Iben & Renzini 1983; Carraro et al. 1996). The
metallicity is taken to be Z = 0.02.
In Han et al. (1994), the stellar core boundary is related to the layer of max-
imum energy production rate. This will not be applicable for EHB stars since
they have very thin inert hydrogen envelopes. Therefore, we define the core to be
the inner region with a hydrogen mass fraction X < 0.10. This will generally lead
to lower values for the core mass, although it will not give a significant difference
for degenerate cores (Dewi & Tauris 2000; Tauris & Dewi 2001). In principle, it is
not important how the core boundary is defined, provided that it is not assumed
to be the bifurcation point above which all the material is ejected.
2.2.2 Procedure
We have used the Eggleton code to follow the evolution along the RGB of stars
with ZAMS masses in the range 1 − 4 M. We do not study more massive pro-
genitors, because they will result in EHB stars of mass above 0.8 M (Han et al.
2002), which are too hot to become sdB pulsators. We approximate the CE phase
by removing the envelope at a rate of 10−6M∗ yr−1 where M∗ is the mass of the
1A write-up of the most recent version of this code can be obtained from P.P. Eggleton at
ppe@igpp.ucllnl.org.
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star, while keeping the composition constant. Clearly, this is a crude approxima-
tion, as CE evolution involves much higher rates of mass loss causing the star to
lose hydrostatic equilibrium. It is, however, expected that the subsequent evo-
lution does not depend on the mass loss history, but it is mainly determined by
the amount of hydrogen left. Unfortunately, it is unknown how much envelope is
ejected during the CE phase. What we do here is derive an upper limit for this
quantity. First of all, we expect the star to contract after CE ejection. However,
as sdB spectra are generally dominated by hydrogen lines, we do not remove more
envelope than down to X = 0.10. Secondly, as we are investigating post-CE sdB
stars, the stars cannot have a too large radius after mass-loss, therefore we require
Rpost−CE < 102 R. This is still a much too large limit for PG 1336−018, but
it might apply to other post-CE sdB systems, and for now we want to keep the
discussion general. The final condition we impose is that the star must evolve to
the EHB with temperatures above 28, 000 K, as is characteristic for pulsating sdB
stars. Which of these three conditions will determine the maximum remaining
envelope depends on the situation. To clarify this, we state the four different
scenarios with the dominating criterion:
1) MZAMS < 2 M, near Mcore,min:
When the core is degenerate, the core boundary is very distinct. In this
case, it is reasonable to suppose that nearly all the material above the
very compact core is expelled. Also, the large surface gravity at the core
boundary will restrict the remaining hydrogen envelope to be Menv < ∼10−3
M, for exact values see Table 2.1. We found that thicker envelopes will
continue to burn hydrogen and these models have too large radii (∼150 R)
to fit in the narrow orbits of post-CE systems.
2) MZAMS < 2 M, near RGB tip:
When the core degeneracy is lifted1 during the CE ejection, we find that
the remaining envelope can have a mass up to ∼10−2 M (see Table 2.1),
consistent with the evolutionary studies of Caloi (1989) and Dorman et al.
(1993). In this case, we determined the maximum envelope which allows
the star to reach the EHB with an effective temperature above 28, 000 K.
3) MZAMS > 2 M, near RGB tip:
When these stars with non-degenerate cores are close to helium ignition,
the situation is comparable with case 2. Also here, the maximum envelope
mass (∼10−2 M, see Table 2.1) follows from the requirement that the sdB
star must reach Teff > 28, 000 K during core helium burning.
4) MZAMS ≥ 2.5 M, near Mcore,min:
These stars can ignite helium already when they lose their envelopes at the
end of the MS. For the end-of-MS models we have not been able to derive a
realistic upper limit for the remaining hydrogen envelope, because they tend
1We used approximated post-He-flash models, as the code cannot calculate through the
helium flash (Pols et al. 1998).
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to expand even when we remove the entire envelope, i.e. down to X = 0.10.
For these models, we assumed that the entire envelope was ejected.
Using the above conditions for how much envelope should at least be removed,
we determined the minimum core mass for helium ignition, and the stellar struc-
ture at the onset of mass transfer.
2.3 Results
2.3.1 At the onset of mass transfer
The stellar structure
We are interested in the stellar structure of the sdB progenitors at the onset of
mass transfer. In particular the total mass, the radius, the remnant mass, and the
binding energy of the removed envelope are important for constraining the CE
evolution. In Table 2.1 we present the relevant stellar parameters corresponding
to the minimum core mass for helium ignition and to the tip of the RGB. We
also give limits on the total mass and the mass of the hydrogen envelope of the
post-CE star, which will be close to the values of the sdB star itself.
Note that for MZAMS < 2 M, the remaining hydrogen envelope can be thicker
when mass transfer started at the tip of the RGB. In this case we removed the
envelope of post-He-flash models, i.e. we assumed that the core degeneracy was
lifted during the CE ejection. For the models at the end of the main sequence, i.e.
MZAMS > 2.5 M and Mcore = Mcore,min, we could not determine the hydrogen
envelope reliably (see Section 2.4.4). Instead we removed the envelope down to
X = 0.10.
It is interesting to note that the stellar structure at the onset of mass transfer
is quite different depending on whether the giant experienced a helium flash or
ignited helium quiescently. For degenerate cores, core contraction is inhibited by
the degeneracy pressure, thus mass transfer can only have started very near the
tip of the RGB, for the core to still ignite helium. More massive stars (MZAMS > 2
M) achieve temperatures high enough to avoid core degeneracy. They do not
have to be close to the tip of the RGB at the onset of mass transfer to still ignite
helium, as long as their core mass exceeds the absolute minimum for helium
ignition (∼0.3 M). Han et al. (2002) found that stars with MZAMS ≥ 2.5 M
will burn helium even when the envelopes are lost when passing through the
Hertzsprung gap.1 This can be clearly seen in the HR diagram shown in Fig. 2.1.
The orbital separation
It is generally assumed that mass transfer starts as soon as the giant fills its
Roche lobe, i.e. when its radius equals the Roche radius. The Roche radius is
1Stars with 2 < MZAMS < 2.5 M leave the main sequence with core masses ∼0.25 M and
do not achieve their minimum core mass until they are quite near the RGB tip.
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Table 2.1: The stellar structure before and after mass transfer.a
pre-CE post-CE
MZAMS
M
M∗
M
Mcore
M
R∗
R
λgr λtot
I
M∗R2∗
Menv×10−3
M
Mremnant
M
helium flash
1.00 min 0.821 0.460 168 0.55 4.61 0.052 ≤ 1.3 0.46
tip 0.791 0.472 185 0.53 4.28 0.051 ≤ 10 0.47 - 0.48
1.50 min 1.401 0.454 136 0.64 3.74 0.084 ≤ 1.4 0.45
tip 1.395 0.466 148 0.57 3.36 0.082 ≤ 9 0.47 - 0.48
1.75 min 1.695 0.434 107 0.69 2.92 0.097 ≤ 1.7 0.43
tip 1.687 0.446 118 0.62 2.70 0.095 ≤ 7 0.45 - 0.46
1.95 min 1.926 0.394 65 0.73 2.18 0.113 ≤ 2.7 0.39
tip 1.926 0.394 65 0.72 2.14 0.113 ≤ 6 0.39 - 0.40
non-degenerate helium ignition
2.05 min 2.045 0.317 26 0.83 1.90 0.135 ≤ 14 0.32 - 0.33
tip 2.043 0.320 26 0.83 1.92 0.135 ≤ 13 0.32 - 0.33
2.50 min 2.494 0.322 5 0.25 0.47 0.022 - -
tip 2.493 0.372 36 0.85 2.02 0.134 ≤ 34 0.37 - 0.41
3.00 min 2.993 0.411 6 0.24 0.46 0.021 - -
tip 2.993 0.444 45 0.84 2.00 0.132 ≤ 61 0.44 - 0.50
4.00 min 3.991 0.596 8 0.26 0.48 0.022 - -
tip 3.990 0.623 74 0.78 1.94 0.125 ≤ 116 0.62 - 0.74
aFor each ZAMS mass, the first row gives the stellar structure corresponding to the mini-
mum core mass for helium ignition. The second row corresponds to the tip of the RGB. The
columns are, respectively: MZAMS = zero-age main sequence mass; M∗ = total mass of giant;
Mcore = helium core mass of giant, R∗ = radius of giant; λgr and λtot are dimensionless param-
eters indicating respectively the gravitational binding energy and the total (including thermal)
binding energy of the ejected envelope (see Section 2.3.2); I = the moment of inertia; Menv =
hydrogen envelope left after CE ejection; Mremnant = remnant mass after CE ejection.
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Figure 2.1: Evolutionary tracks of sdB progenitors until the tip of the RGB in
the HR diagram. At the upper two tracks the red giant ignites helium quiescently,
while at the lower two tracks the helium flash occurs. On the dotted part of the
track, the core mass is above the minimum required for helium ignition. Thus when
the giant looses its envelope in this stage of the evolution, it may become an sdB
star.
approximated by
RL =
0.49q2/3a
0.6q2/3 + ln(1 + q1/3)
, (2.2)
where q = M1/M2 is the mass ratio and a the orbital separation (Eggleton 1983).
However, if the binary system is tidally unstable (Counselman 1973), the Roche
geometry is not applicable. It is expected that the time-scale of tidal evolution
is much shorter than the time-scale of nuclear expansion, i.e. when a tidal in-
stability sets in, the stars spiral inwards before the stellar structure can change
significantly. Therefore, when a tidal instability sets in before the giant fills its
Roche lobe, this can also cause a CE. The binary becomes tidally unstable when
the spin angular momentum of the stars exceeds one third of the orbital angular
momentum h:
(I1 + I2)ω >
1
3
h with h =
√
GaM2giantM
2
2
Mgiant +M2
, (2.3)
where I1 and I2 are the moments of inertia of the stars and ω is the angular
velocity (Hut 1980). Since the giant is much larger and more massive than the
MS companion, we have I1  I2. The moment of inertia of the giant, I1, follows
from detailed evolutionary calculations, and can be found in Table 2.1.
Using the allowed range for the radius and mass of the primary at the onset
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Figure 2.2: The pre-CE orbital separation ai as a function of the primary ZAMS
mass for M2 = 0.12 M. At the dotted line, mass transfer started when the
helium core mass reached the minimum required for helium ignition. At the solid
line, mass transfer started at the tip of the RGB. Thus the shaded area gives
the possible values of ai for PG 1336−018. At the triangles, the CE is formed by
dynamically unstable RLOF. At the squares, the CE is caused by a spiral-in due
to a tidal instability.
of mass transfer (Table 2.1), we can calculate the pre-CE orbital separation ai
for a given secondary mass. If the binary is tidally stable when it fills its Roche
lobe, Eq. (2.2) can be used to obtain ai. Otherwise, the CE is formed by a tidal
instability and we use
I1ω =
1
3
h. (2.4)
In Fig. 2.2, the range of ai is given as a function of the primary ZAMS mass.
We have chosen a secondary mass of 0.12 M here, which is a best-fit value for
PG 1336−018, observationally derived by Vucˇkovic´ et al. (2007). The effect of a
different secondary mass is investigated in Section 2.4.1.
2.3.2 Common-envelope ejection
The energy equation: the α-formalism
In the original spiral-in picture (Paczynski 1976), the companion experiences drag
forces as it moves into the envelope of the giant and spirals inwards. This idea is
applicable when a tidal instability causes the CE or sets in soon after the CE is
formed, i.e. when the mass ratio is high. In this case, the CE is not in co-rotation
and the envelope is heated and unbound by friction. The orbital energy Eorb
released in the spiral-in process, is used to eject the envelope with an efficiency
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α,
α(Eorb,f − Eorb,i) = Eenv, (2.5)
where Eenv is the binding energy of the ejected envelope, and the subscripts i
and f denote values before and after the CE phase. In principle, one expects
0 < α ≤ 1. However, in order to explain observed binaries one often finds that
α exceeds unity. This might indicate that other energy sources can contribute to
the ejection of the envelope, e.g. the luminosity of the giant. Still, a very high
value for α is not anticipated, since it would be physically difficult to explain
where such a large amount of energy could come from. The poorly understood
physics of the CE phase does not allow us to set a hard limit on α, but here we
assume 0 < α < ∼5 to be realistic.
It is reasonable to suppose that the secondary did not accrete any matter
since the mass transfer time-scale is short. Expression (2.5) can then be written
as
α
(−GMremnantM2
2af
+
GMgiantM2
2ai
)
= −GMgiantMenv
λRgiant
, (2.6)
where we have expressed Eenv in terms of the structural parameter λ (Web-
bink 1984). It is straightforward to calculate the combined parameter αλ from
Eq. (2.6). To isolate α one usually takes λ = 0.5 (de Kool 1990), but an exact
calculation should take into account that λ depends on the stellar structure.
The total binding energy consists of the gravitational binding energy and the
internal thermodynamic energy U ,
Ebind =
∫ Mgiant
Mremnant
(
− GM
r
+ U
)
dm. (2.7)
Taking the total binding energy of the envelope to calculate λ implies that the
entire internal energy is used efficiently in the ejection process. However, it is
uncertain how much of the internal energy contributes to the ejection of the
envelope. This uncertainty is expressed in a parameter αth, introduced by Han
et al. (1994),
Eenv =
∫ Mgiant
Mremnant
(
− GM
r
)
dm+ αth
∫ Mgiant
Mremnant
Udm. (2.8)
Expression (2.8) can be regarded as the effective binding energy of the envelope
and is used to derive λ. We calculated λ for αth = 1 and αth = 0, representing
respectively the total binding energy (λtot) and the gravitational binding energy
(λgr), see Table 2.1. In Fig. 2.3, α is plotted as a function of the sdB mass for
λ = λgr. In principle, we do not expect the ionization energy to contribute to the
ejection of the CE, as Harpaz (1998) argued that after recombination the opacity
drops sharply, hence the released energy flows outward without unbinding the
material. In the case that the internal energy of the envelope does contribute to
the ejection process (i.e. αth = 0 and λ = λgr), this will result in a lower (∼factor
2) value of α, as is expected from the virial theorem. This can be seen in Fig. 2.4.
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Figure 2.3: The CE parameter α as a function of the sdB mass for M2 = 0.12
M. At the dotted line, mass transfer started when the helium core reached the
minimum required for helium ignition. At the solid line, mass transfer started at
the tip of the RGB. The shaded region in between indicates the possible α-values
for PG 1336−018. We assumed here that the binding energy of the envelope is
determined by the gravitational energy, i.e. λ = λgr.
It is shown that, in general, non-degenerate helium ignition requires unphys-
ically high α-values (α > 5). However, if the internal energy of the envelope is
efficiently used to unbind the envelope, we find α > 2. Using the initial mass
function Φ(M) ∝ M−2.7 (Kroupa et al. 1993) and the distribution in orbital
separation Γ(a) ∝ a−1 (Kraicheva et al. 1978), we found that the number of sys-
tems that experienced a helium flash is comparable to the number of systems
that ignited helium non-degenerately with α < 5. Thus, if the internal energy
can unbind the envelope, we are less confident in excluding the non-degenerate
scenario.
The angular momentum equation: the γ-formalism
Nelemans et al. (2000, 2005) found that the first phase of mass transfer of observed
double white dwarfs cannot be described by the standard α formalism, nor by
stable RLOF. They argued that, for binaries with mass ratio close to unity, the
common envelope is formed by a runaway mass transfer rather than a decay of
the orbit. In this case, the angular momentum of the orbit is so large that the
common envelope is brought into co-rotation. Consequently, there are no drag
forces that can convert orbital energy into heat and kinetic energy. Nelemans et al.
(2000) described this scenario in terms of the angular momentum balance, the
γ-formalism. The assertion is that the specific orbital angular momentum carried
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Figure 2.4: The CE parameter α as a function of the sdB mass for M2 = 0.12
M. At the upper solid line, we have λ = λgr and at the lower dashed line, we
have λ = λtot. We assumed that mass transfer started when the red giant reached
the tip of the RGB.
away by the envelope is γ times the initial specific orbital angular momentum,
γ
Ji
Mgiant +M2
=
Ji − Jf
Menv
. (2.9)
Although the γ-formalism was originally developed for double white dwarfs, Nele-
mans & Tout (2005) showed that most observed sdB binaries can also be explained
by γ ∼ 1.5. The physical motivation for this empirical description might be super-
Eddington mass transfer (Beer et al. 2007). Originally this idea was put forward
to explain systems in which a main sequence star transfers mass to a neutron
star or black hole (King & Begelman 1999). Beer et al. (2007) proposed that
this physical picture is also applicable to systems in which a red giant overflows
onto a main sequence star. Their treatment gives an upper limit for γ, since the
specific angular momentum carried away by the envelope cannot be higher than
the specific angular momentum of the secondary,
γmax =
Mgiant +M2
Menv
− (Mgiant +M2)
2
Menv(Mcore +M2)
exp
(
− Menv
M2
)
. (2.10)
We have calculated the possible γ-values for PG 1336−018 and plotted them
in Fig. 2.5 as a function of the sdB mass. We also plotted γmax corresponding to
the case that the envelope is ejected with the specific angular momentum of the
secondary.
The common value γ ∼ 1.5 is found in the helium flash region, but when the
24
An evolutionary study of the pulsating subdwarf B eclipsing binary
PG 1336−018 (NY Vir)
MsdB (M⊙)
γ
He flash
 0.4  0.42  0.44  0.46  0.48
 1.2
 1.4
 1.6
 1.8
 2
 2.2
 2.4
 2.6
 2.8
MsdB (M⊙)
γ
non−degenerate He ignition
 0.3  0.35  0.4  0.45  0.5  0.55  0.6  0.65  0.7  0.75
 1.05
 1.1
 1.15
 1.2
 1.25
 1.3
Figure 2.5: The parameter γ as a function of the sdB mass for M2 = 0.12
M. For visibility we have plotted the γ-values for stars that ignited helium (non-)
degenerately in the (right) left panel. At the lower dotted line, mass transfer started
when the helium core mass reached the minimum required for helium ignition. At
the lower solid line, mass transfer started at the tip of the RGB. The shaded region
in between indicated the possible γ-values for PG 1336−018. The upper dotted line
corresponds to γmax at the minimum core mass, and the upper solid line to γmax
at the RGB tip.
sdB mass approaches the canonical value of 0.47 M, the γ-value increases steeply
to > γmax. This is because the corresponding progenitor mass (MZAMS = 1 M)
and the expelled envelope mass are low, thus the angular momentum carried away
per unit mass is high. If the progenitor mass of PG 1336−018 is higher than 1
M, the γ-values agree with the idea that the envelope is ejected with almost the
specific angular momentum of the secondary. For non-degenerate helium ignition
we find 1.1 < γ < 1.2, and we cannot rule out this possibility as an explanation
for PG 1336−018.
2.4 Discussion
2.4.1 The influence of the secondary mass
Assuming Newtonian mechanics, the radius of the secondary is given by
R2 =
R1r2
r1
=
√
GMsdB
g
r2
r1
. (2.11)
The best-fit orbital solutions of Vucˇkovic´ et al. (2007) give averaged relative radii
r1 = 0.19, r2 = 0.21, and log g = 5.77. Substituting these values and the sdB mass
range MsdB ∼ 0.3 - 0.8 M in Eq. (2.11) gives R2 ∼ 0.13− 0.21 R. Theoretical
models of low-mass main sequence stars by Baraffe et al. (1998) predict the mass
range M2 ∼ 0.10 − 0.20 M for these radii. In Fig 2.6, the influence of the
secondary mass on the α- and γ-parameter is depicted. We see that α is lower
when the secondary is more massive. However, the best-fit orbital solutions of
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Figure 2.6: The parameters α and γ as a function of the sdB mass, plotted
respectively in the left and right panel. The gradient gives the secondary mass.
We assumed that mass transfer started at the tip of the RGB, and λ = λgr.
Vucˇkovic´ et al. (2007) all have low masses for the secondary (M2 = 0.11 − 0.13
M). The secondary mass has negligible influence on the γ-parameter.
2.4.2 Similar systems
Up to now 39 sdBV stars are observed, of which 16 are known binaries. Thir-
teen have spectroscopic F-G companions, two have invisible WD companions, de-
tectable only by radial velocity variations of the sdB star, and only PG 1336−018
has been found to have an M-dwarf companion. Additionally, one star has been
found to have a long period Jupiter mass planet (HS 2201+2610, Silvotti et al.
2007) detected only by the variation of the main pulsation period. Of the re-
maining 22 stars only four have been carefully checked for RV variations, the rest
remains unexplored.
Since PG 1336−018 is the primary of an eclipsing system, it is an exceptionally
promising candidate for a study of the sdB binary formation channel. A few more
non-pulsating sdB binary systems with an M dwarf companion have been detected
(see Table 2.2), either through eclipses or strong reflection effects. The eclipsing
binaries HW Vir (Menzies & Marang 1986) and HS 0705+6700 (Drechsel et al.
2001) show striking similarities with PG 1336−018. The fourth known eclipsing
system, HS 2231+2441, while similar with respect to the short orbital period
and other light-curve properties, turns out to have a very low mass M dwarf
companion, just at the substellar limit (Østensen et al. 2007)1. A fifth very similar
sdB+dM system was also recently detected (Polubek et al. 2007) in the OGLE-II
photometry of the galactic bulge (Woz´niak et al. 2002), but no spectroscopic data
has yet been obtained that can constrain the physical parameters of this system.
1We note that this system might also be a non-He-burning post-RGB star with a substellar
companion (Østensen et al. 2008), but for our discussion we will assume it is an sdB system.
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Figure 2.7: The location of PG 1336−018 in the Teff–log g plane plotted together
with the other known eclipsing systems, non-eclipsing reflection binaries and some
of the pulsating and non-pulsating sdB stars. The squares show known pulsators
and the + symbols non-pulsators. Also shown are evolutionary tracks for a sample
of EHB stars (Kawaler & Hostler 2005).
The very narrow distribution in orbital periods and component masses sug-
gests that there is a common mechanism for producing such systems and that the
CE phase of these systems must have been very similar. To illustrate this, we have
calculated α and γ for the systems HW Vir, HS 0705+6700 and HS 2231+2441.
For simplicity, we assumed here that the entire envelope was lost when the giant
was at the tip of the RGB, and that the internal energy of the envelope cannot
be used to unbind the envelope (i.e. αth = 0 and λ = λgr).
We can see in Table 2.2 that the CE parameters are indeed quite similar
for these systems. The exception is HS 2231+2441, due to its very low mass
companion. Note again that the canonical sdB mass (0.47−0.48 M) corresponds
to high γ-values.
Fig. 2.7 shows the position of PG 1336−018 in a Teff − log g diagram, together
with the other three systems of HW Vir type for which a spectroscopic tempera-
ture and gravity have been derived, among other sdB stars. Evolutionary tracks
from Kawaler & Hostler (2005) are also shown. We see that if HS 2231+2441 is
an sdB system, it is quite evolved on the EHB, while the other three systems are
still in their first half of the EHB evolution.
2.4.3 The future evolution of PG 1336−018
Following Schreiber & Ga¨nsicke (2003) but using updated system parameters, we
determine the expected future evolution of PG 1336−018. The orbital period will
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Table 2.2: System parameters of sdB+dM binaries similar to PG 1336−018. a
Ref. P (d) MsdB (M) M2 (M) I1ω/h α γ
HW Vir [1] 0.117 0.48 0.14 0.10 0.34 2.81
PG 1336−018 [2] 0.101 0.39 0.11 0.80 3.09 1.29
0.47 0.12 0.11 0.36 2.76
0.53 0.13 0.17 14.4 1.18
HS 0705+6700 [3] 0.096 0.48 0.13 0.10 0.32 2.79
HS 2231+2441 [4] 0.111 0.47 0.075 0.20 0.59 2.61
aThe α- and γ-values given here correspond to the case that the entire hydrogen envelope
was ejected at the tip of the RGB. Whenever the sdB mass allows it, we assumed that helium
was ignited degenerately in a flash, indicated by normal font style. The CE parameters in
boldface correspond to non-degenerate helium ignition. If I1ω/h < 1/3, the CE is assumed to
be formed by dynamically unstable RLOF. If I1ω/h > 1/3, the CE is assumed to be caused by
a tidal instability. The references are [1] Wood & Saffer (1999), [2] Vucˇkovic´ et al. (2007), [3]
Drechsel et al. (2001), and [4] Østensen et al. (2007).
decrease as the system loses angular momentum,
J˙
J
=
P˙
3P
. (2.12)
For M2 < 0.3 M, the secondary is fully convective and angular momentum loss
via magnetic braking is negligible (Verbunt & Zwaan 1981). Thus we only need
to consider angular momentum loss due to gravitational radiation that follows
from Einstein’s quadrupole formula (see e.g. Landau & Lifshitz 1975),
J˙ = −32G
7/3
5c5
M21M
2
2 (M1 +M2)
−2/3
(2pi
P
)7/3
. (2.13)
Eventually the secondary will fill its Roche lobe, initiating a second RLOF phase.
As the secondary is essentially unevolved, we assume that its expansion due to
its nuclear evolution is negligible. Using Equation (2.2), Kepler’s third law and
the system parameters obtained by Vucˇkovic´ et al. (2007)2: M1 = 0.466 M,
M2 = 0.122 M, R1 = 0.15 R, R2 = 0.16 R, the orbital period of the semi-
detached system can be calculated: Psd = 0.069 d. The time from now until the
secondary fills its Roche lobe follows from Eqs. (2.12) and (2.13),
tsd =
5c5
256G5/3(2pi)8/3
(M1 +M2)
1/3
M1M2
(P 8/3now − P 8/3sd ). (2.14)
2They found three statistically equivalent solutions, here we use their Model II. The results
will not differ significantly for the other two models.
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We find tsd = 9.9 × 108 yr. Since the time-scale on which the sdB star evolves
into a white dwarf is a few 108 yr, PG 1336−018 will evolve into a short-period
cataclysmic variable (CV). The present age of PG 1336−018 is maximally 12
Gyr. This is for MZAMS = 1 M and the age decreases steeply with increasing
mass. Thus the maximum total time until the system becomes semi-detached
is less than the Hubble time. We conclude that PG 1336−018 is representative
for progenitors of present-day CVs. Not surprisingly, we find that the similar
systems given in Table 2.2 are also pre-CV candidates.
2.4.4 Determining the minimum core mass and the remaining hydro-
gen envelope
We cannot model the detailed physics of CE evolution as this is a hydrodynamical
event. As an approximation, we used a low enough mass loss rate to ensure
numerical stability, and prevent composition changes due to nuclear burning.
However, in our models the composition profile does change slightly during the
removal of the envelope. We found this to be the effect of numerical diffusion
(see e.g. Stancliffe 2006). To check that our results were not affected by this, we
reset for one model the chemical compositions to the values of the model before
the CE phase, and found the same results for the α- and γ-values.
We have determined the minimum core mass for helium ignition independent
from Han et al. (2002), because we use a different definition of the helium core
mass. Moreover, we also are interested in how much of the hydrogen envelope is
allowed to remain after CE ejection, so that we can make a consistent estimate of
the binding energy of the ejected envelope. Our results are in general consistent
with theirs, except for the minimum core mass for the helium flash. The reason is
that we strip off more hydrogen, to exclude models that still have a growing core
after CE ejection, because the star is then too large to fit in a narrow post-CE
orbit. Therefore, we find slightly higher minimum core masses for the helium
flash than Han et al. (2002).
Further, we observed that the models that can ignite helium when the envelope
is lost during the Herztsprung gap, i.e. those with MZAMS > 2.5 M, tend to
expand even when we strip off the hydrogen envelope down to X = 0.10, because,
at this stage, the hydrogen profile is rather smooth due to the shrinking convective
core during the MS. So there is still some hydrogen left, mixed in the core, which
continues to burn after CE ejection, causing the star to expand further. An
interesting consequence is that the stars ejecting the CE at this earlier stage,
might have more helium in their remaining envelope.
2.5 Conclusions
We have studied the stellar structure of the progenitors of sdB stars in short-
period binaries. The narrow range a giant’s core mass can have to still ignite
helium after loss of its envelope, allows us to estimate the orbital separation at
the onset of mass transfer. This enables us to constrain the CE phase. We
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have compared two different CE-descriptions; the α-formalism based on the en-
ergy equation (implicitly assuming angular momentum conservation), and alter-
natively, the γ-formalism based on the angular momentum equation (implicitly
assuming energy conservation). Although we focused our study on the interest-
ing system PG 1336−018, the methods we present here can readily be applied to
other sdB stars formed in the CE ejection channel. In particular, Table 2.1 is
very useful for such studies.
Adopting the α-formalism implies that PG 1336−018 ignited helium in a de-
generate flash. The sdB mass must then be between 0.39 and 0.48 M. However,
the results are less convincing if the internal energy contributed to the ejection
of the envelope. Furthermore, the γ-formalism does not rule out the possibil-
ity that the sdB progenitor ignited helium under non-degenerate conditions. In
these cases, the possible mass range of the sdB star is wider: 0.3 - 0.8 M. If the
CE is caused by a tidal instability, the α-formalism might be preferred. If the
CE is formed by runaway mass transfer, the γ-formalism is perhaps more likely
(Nelemans et al. 2000). Unfortunately, a detailed physical description for the CE
evolution is still missing and these conditions are not definite. For the time being,
we consider both formalisms to be valid.
We plan to use the pulsational properties of PG 1336−018 to make an in-
dependent high precision mass determination of the sdB star and its envelope.
Clearly, this will shed more light on the poorly understood CE phase. Also, if we
are able to determine whether the sdB experienced a helium flash or ignited he-
lium quiescently, this would provide us with much insight into the CE evolution.
It is not clear however, if the helium flash leaves a (seismic) detectable imprint on
the sdB interior. We will investigate these questions in the following Chapters.
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A SEISMIC APPROACH TO TESTING DIFFERENT FORMATION
CHANNELS OF SUBDWARF B STARS
H. Hu, M.-A. Dupret, C. Aerts, G. Nelemans, S.D. Kawaler,
A. Miglio. J. Montalban, R. Scuflaire
A&A, 2008, 490, 243
Abstract: There are many unknowns in the formation of subdwarf
B stars. Different formation channels are considered to be possible
and to lead to a variety of helium-burning subdwarfs. All seismic
models to date, however, assume that a subdwarf B star has a post-
helium-flash-core surrounded by a thin inert layer of hydrogen. We
examine an alternative formation channel, in which the subdwarf B
star originates from a more massive (> ∼2 M) red giant with a
non-degenerate helium-core. Although these subdwarfs may evolve
through the same region of the log g − Teff diagram as the canonical
post-flash subdwarfs, their interior structure is rather different. We
examine how this difference affects their pulsation modes and whether
it can be observed. Using detailed stellar evolution calculations we
construct subdwarf B models from both formation channels. The iron
accumulation in the driving region due to diffusion, which causes the
excitation of the modes, is approximated by a Gaussian function. The
pulsation modes and frequencies are calculated with a non-adiabatic
pulsation code. A detailed comparison of two subdwarf B models
from different channels, but with the same log g and Teff , shows that
their mode excitation is different. The excited frequencies are lower
for the post-flash than for the post-non-degenerate subdwarf B star.
This is mainly due to the differing chemical composition of the stellar
envelope. A more general comparison between two grids of models
shows that the excited frequencies of most post-non-degenerate subd-
warfs cannot be well-matched with the frequencies of post-flash sub-
dwarfs. In the rare event that an acceptable seismic match is found,
additional observational constraints, such as mode identification and
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log g and Teff determinations, allows us to distinguish between the two
formation channels.
3.1 Introduction
Commonly, subdwarf B (sdB) stars are identified as extreme horizontal branch
(EHB) stars, and they are believed to be post-He-core-flash products with core
masses ∼0.5 M surrounded by a very thin inert H-envelope (Heber 1986; Saffer
et al. 1994). From a single stellar evolution point of view, this can be explained
by enhanced mass loss of stars close to He-ignition with very lightly bound en-
velopes (D’Cruz et al. 1996), i.e. stars with degenerate cores near the tip of the
red giant branch (RGB). However, as they are frequently observed in binaries
(e.g. Allard et al. 1994; Morales-Rueda et al. 2006), binary interactions most
likely play an important role in their formation. Han et al. (2002) explored the
main binary evolution channels that can produce sdB stars: common-envelope
ejection (CEE), stable Roche lobe overflow (RLOF), and helium white dwarf
mergers. They found that the sdB mass distribution may be much broader than
previously thought, 0.3 − 0.8 M instead of 0.4 − 0.5 M. The sdB stars with
non-canonical masses follow from mergers or massive (> ∼2 M) progenitors that
ignite helium quiescently, where the latter can be a subchannel of either the CEE
channel or the stable RLOF channel. Binary population synthesis shows that the
massive progenitors do not contribute significantly to the sdB population (Han
et al. 2003). But one should keep in mind that it is assumed in such studies that
CE evolution is described by the α formalism, i.e. that the CE ejection is driven
by the orbital energy. Because the physics of the CE phase is poorly understood,
other scenarios should not be excluded a priori. For example, the γ-formalism
proposed by Nelemans et al. (2000), based on the angular momentum equation
rather than the energy equation, provides an alternative description. In this case,
the massive red giants cannot be ruled out as possible progenitors of post-CE sdB
stars (see Hu et al. 2007 or Chapter 2). We therefore want to explore the pos-
sibility of this neglected class of progenitors in a different manner, by using the
seismic properties that have been observed in some sdB stars.
Although the post-flash and the post-non-degenerate sdB stars can appear in
the same log g−Teff region, their interior structure is quite different. In particular,
the chemical composition profiles differ greatly depending on whether helium
ignited in a flash or quiescently. For example, the canonical post-He-flash sdB
star has a very narrow He−H transition zone, while the sdB star created from
a more massive progenitor has a much broader H-profile. This is a direct result
of the differing chemical compositions between low-mass and high-mass stars on
the RGB, owing to the different convective regions during the main-sequence and
RGB evolution. We examine whether this difference in the interior structure will
result in observable differences in the pulsation modes.
The sdB pulsators are divided into two classes, the short-period variable EC
14026 stars (Kilkenny et al. 1997), and the long-period variable PG 1716 stars
(Green et al. 2003). The rapid oscillations in EC 14026 stars are interpreted in
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terms of low-order p-modes (Charpinet et al. 1996), driven by the κ-mechanism
operating in the iron opacity bump. The same mechanism has been shown to
excite long-period, high-order g-modes in the cooler models (Fontaine et al. 2003).
The local iron enhancement necessary in the driving region around log T ≈ 5.3 is
due to the competing diffusion processes of radiative levitation and gravitational
settling. It is well-known that the opacities play an important role in the study
of the pulsations. Seaton & Badnell (2004) showed that the iron opacity bump is
situated at slightly higher temperatures using OP opacities (Seaton et al. 1994;
Badnell & Seaton 2003) compared with OPAL opacities (Iglesias & Rogers 1996).
Jeffery & Saio (2006b) found that, using OP opacities and nickel enhancement
in addition to iron, the theoretical instability strip of g-mode sdB oscillators is
more consistent with observations. For our purposes it is sufficient to use OPAL
opacities and iron enhancement, since we are interested in the relative differences
between two types of sdB stars. We acknowledge the importance of including
the effect of OP opacities and nickel enhancement in further detailed studies (see
Chapter 5).
The details of the computations are given in Section 3.2. The results are
presented in Section 3.3. In Section 3.3.3, we compare the detailed physical
characteristics of two reference models with different formation histories. In Sec-
tion 3.3.4 we compare the frequency characteristics globally between two grids of
models. The results and conclusions are discussed in Section 3.4.
3.2 Computations
3.2.1 The evolution calculations
We constructed sdB structure models with the stellar evolution code developed
by Eggleton (1971, 1972, 1973), Eggleton et al. (1973), and updated by Han
et al. (1994) and Pols et al. (1995, 1998). The updated version of the code uses
an equation of state that includes pressure ionization and Coulomb interaction,
nuclear reaction rates from Caughlan et al. (1985) and Caughlan & Fowler (1988),
and neutrino loss rates from Itoh et al. (1989, 1992). Both convective and semi-
convective mixing are treated as diffusion processes. It is assumed that mixing
occurs in regions where
∇rad > ∇ad − δov/(2.5 + 20β + 16β2), (3.1)
where β is the ratio of radiation pressure to gas pressure and δov is the overshoot-
ing parameter. Schro¨der et al. (1997) showed that δov = 0.12 gives the best fit to
observations of ζ Aurigae binaries, which corresponds to an overshooting length
of ∼0.25Hp. For our comparative study, it suffices to adopt δov = 0.12, but keep
in mind that core overshooting can in fact also be probed by asteroseismology,
e.g. Aerts et al. (2003).
We evolved stars assuming a chemical composition of X = 0.70 and Z = 0.02.
We used a mixing-length parameter (the ratio of the mixing-length to the local
pressure scaleheight) of α = l/Hp = 2.0. If not mentioned otherwise, the opacity
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tables were constructed by combining the OPAL opacities (Iglesias & Rogers
1996) with the conductive opacities (Hubbard & Lampe 1969; Canuto 1970; Iben
1975), as implemented in the Eggleton code by Eldridge & Tout (2004).
We started by evolving zero-age main-sequence (ZAMS) models in the range
1 − 3 M to the tip of the RGB, adopting a Reimers’ mass loss rate (Reimers
1975),
M˙wind = 4× 10−13η (R/R)(L/L)
(M/M)
[Myr
−1], (3.2)
with an efficiency of η = 0.4 (Iben & Renzini 1983; Carraro et al. 1996). For
simplicity, we did not include mass-loss on the EHB. Unglaub & Bues (2001)
showed that, if the observed chemical abundances are the result of the combined
effects of diffusion and mass loss, the sdB mass-loss rate should be in the range
10−14 ≤ M˙(Myr−1) ≤ 10−12. This is consistent with the rates found by Vink
& Cassisi (2002) for radiation-driven wind models. They also showed that these
rates are too low to have a direct effect on the sdB evolution.
At the RGB tip, we removed the envelope, while keeping the chemical compo-
sitions fixed. Thus, we assume that the mass transfer happens on a much shorter
timescale than the nuclear timescale. This is a reasonable assumption for sdB
stars in short-period binaries formed by CE ejection, which is the majority of
the observed sdB stars (Maxted et al. 2001) and the focus of our study here. In
the case that the He-flash occurs, zero-age horizontal branch models were artifi-
cially created from a 2.25 M He-core-burning star, where we reset the chemical
compositions to the values before the flash. This treatment is not rigorously
valid. Full evolutionary models of the He-flash show that the C abundance in the
He-core can increase up to ∼5% (Piersanti et al. 2004; Serenelli & Weiss 2005).
Since the p-modes are not sensitive to the core, we are not worried about this.
An interesting scenario is an sdB star that is formed by a late He-core flash on
the white dwarf cooling curve (Castellani & Castellani 1993). In such a case the
He-flash-driven convection zone can penetrate into the H-rich layers, resulting in
a surface enrichment of He and C (Brown et al. 2001; Schlattl et al. 2001; Cassisi
et al. 2003). We note that this might influence the pulsations, but we will not
discuss this scenario further here.
On the EHB, we used for temperatures log T > 7 the same opacities as men-
tioned above. In the outer layers of the star, log T < 7, where the pulsation
driving region is located, the opacities were calculated by interpolating between
several OPAL tables computed with iron abundance enhanced by factors of f = 1,
2, 5 , and 10 relative to solar, thus X(Fe) = 0.071794Zf . The abundances of
the other heavy elements are decreased such that the overall metallicity is kept
constant as in Miglio et al. (2007).
3.2.2 The oscillation calculations and iron accumulation
We adapted the Eggleton evolution code so that the output is suitable for pulsa-
tion calculations. In practice, this implied calculating some additional physical
quantities during the evolution, and modifying the mesh to have sufficient mesh-
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points in the stellar envelope. The seismic properties of the stellar models are
then calculated with two pulsation codes. The adiabatic code OSC by Scuflaire
et al. (2007) is used to obtain the approximate frequencies, which are used as a
first guess in the linear non-adiabatic code MAD by Dupret (2001). We deter-
mined the theoretical frequency spectrum up to l = 2, since it is expected that
higher order modes are geometrically cancelled. Charpinet et al. (1996) have es-
tablished that the excitation of sdB oscillations is related to a local enrichment of
iron in the stellar envelope caused by diffusion. Radiative levitation is expected to
set up significant chemical gradients within a diffusion timescale of ∼105 yr, and
consequently iron accumulates around log T ≈ 5.3 (Michaud et al. 1989; Chayer
et al. 1995). Time-dependent diffusion calculations (Fontaine et al. 2006) show
that, after ∼105 yr, many pulsation modes are excited. Since element diffusion
is not treated in the evolution code, we used an approximation for the iron ac-
cumulation, assuming that the iron only affects the stellar structure through the
opacity. At each timestep of the evolution calculations, the iron enhancement
factor f is increased with a Gaussian centered at log T = 5.3,
df
dt
=
(1− f/10)3
τ
exp (− (log T − 5.3)
2
σ2
), (3.3)
with the initial condition f(t = 0) = 1. The width σ2 = 0.05 and accumulation
timescale τ = 4× 105 yr are chosen such that iron is only increased in the region
4.5 < log T < 6.1, and limt→∞ f = 10, which is loosely based on the time-
dependent diffusion calculations of Fontaine et al. (2006) and the equilibrium
profiles of Charpinet et al. (1997). Our parametric approximation is rather ad
hoc, but since we are interested in the relative differences between two different
scenarios, the exact shape of the iron profile is not crucial here. We will discuss
the influence of the iron profile on the pulsations and the evolution of the star in
Section 3.3.1.
3.3 Results
3.3.1 Effects of the iron accumulation
In Fig. 3.1, we show f throughout the star for different ages of an sdB star. Note
that the temperature range 4.5 < log T < 6.1 corresponds to a very narrow mass
shell of∼10−6 M. In Fig. 3.1c, we included the backreaction of convective mixing
on our parametric iron profile during the evolution. Note that the iron abundance
is homogeneous near log T = 5.3 (log q = −10) and log T = 4.6 (log q = −12.5).
This is caused by two narrow convective layers due to iron and helium ionization,
respectively. Interestingly, we found that the convective region around log T = 5.3
would not be present without iron accumulation. We determined that the slightly
perturbed iron profile has a negligible effect on the driving and the pulsation
frequencies. Moreover, since our description of iron accumulation is approximate,
we have not included this effect in subsequent calculations.
In Fig. 3.2, we show the effect of different iron abundance profiles on the sdB
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Figure 3.1: The iron enhancement factor f throughout the star as a function of
(a) the outer mass fraction: log q = log (1−MrM∗ ), and (b) the temperature. In panel
(c), we show the effect of convective mixing on our parametric iron profile. The
sdB star has Mcore = 0.47 M and Menv,0 = 10−4 M, and was constructed from
a 1.00 M ZAMS model. The profiles from bottom to top correspond to sdB ages
105, 106, 107, 1.8× 108 yr, where the last model is at the end of core-He-burning.
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evolution in the log g − Teff diagram. We compared our parametric approach
(Eq. 3.3) with the case of no iron enhancement, and a uniform enhancement of
f = 10 in the whole envelope, as used in studies of mode excitation (Jeffery &
Saio 2006a). It is evident that using f = 10 influences the evolution drastically,
while our Gaussian parametrization of f has little effect. Higher iron abundances
indeed give higher opacities, and thus larger stellar radii. With Eq. (3.3) we only
increase iron in a relatively small region, resulting in a minimal effect on the
stellar structure. However, a minimal change of the stellar structure can result
in a visible shift of the pulsation frequencies, as shown by Fontaine et al. (2006).
We also compared the effect on the excitation, and find that our approximation
of the iron profile can excite almost as many modes as the f = 10 enhancement,
see Fig. 3.3a-c. This is understood in terms of the driving mechanism in sdB
stars, which is associated with the iron opacity bump such that accumulating
iron in this driving region is sufficient for the excitation of the pulsation modes,
see Fig. 3.3d-f. Thus, with our parametric approach to iron accumulation, the
issue of excitation can be addressed while keeping the effect of the iron profile
on the stellar structure realistic. Furthermore, these are the first evolutionary
models of sdB stars that include the effect of iron accumulation, albeit in an
approximative manner.
3.3.2 The stellar models
Following the procedure as described in Section 3.2, we constructed a grid of
canonical, i.e. post-He-flash, sdB models (hereafter called grid A) with masses in
the range 0.42− 0.47 M in steps of 0.01 M. The maximum mass we obtained
for the degenerate core of an RGB star is 0.47 M, thus we did not consider
post-flash sdB stars above this mass. The H-envelope masses, Menv,0, considered
are 0.0001, 0.0003, and 0.0006 M, where Menv,0 is defined as the total mass of
the hydrogen content directly after the removal of the envelope. Thus, we have 18
sdB evolution tracks, which we followed until the end of He-core burning. After
each 107 yr of sdB evolution, the seismic properties were calculated, and we only
considered models with unstable modes. We have not found unstable modes in
our post-He-core burning models. Therefore our analysis is limited to sdB stars
in their He-core burning phase, leading to a total of 402 seismic models in the
range of Teff = 25, 000− 34, 000 K and log g = 5.4− 6.0.
The grid of non-canonical sdB stars (hereafter called grid B) consists of 5
tracks: (MsdB (M), Menv,0 (M)) = (0.44, 0.005), (0.45, 0.0075), (0.46, 0.005 ),
(0.47, 0.0075 ), and (0.47, 0.005). Along these tracks we have in total 98 seismic
models, again taken after each 107 yr of sdB evolution. In Table 3.1, more details
about the models are given.
The sdB evolution tracks and the seismic models can be seen in Fig. 3.4.
The tracks start directly after the removal of the envelope. For the post-flash
models, this corresponds to the zero-age EHB. The post-non-degenerate models
have hydrogen extending to deeper layers, hence allowing some H-shell-burning,
before reaching the zero-age EHB. Note that, although the two different types of
sdB stars can evolve through the same log g − Teff during core-He-burning, the
37
Chapter 3
 5.4
 5.5
 5.6
 5.7
 5.8
 5.9
 6
 6.1
 6.2
 30 35 40 45 50 55 60 65
l o
g  
g  
( c m
 s−
2 )
Teff (1000 K)
I
II
III
Figure 3.2: Evolutionary tracks in the log g − Teff diagram of sdB stars with
different iron profiles. The three tracks start with the same zero-age EHB model
with MsdB = 0.47 M and Menv,0 = 10−4 M, created from a 1.00 M ZAMS
model. The lowest solid curve is for a model with no iron enhancement, the middle
dotted curve is for a Gaussian iron increase centered at log T = 5.3, and the upper
dashed curve is for iron increased with a factor 10 uniformly in the envelope. The
labels I, II, III indicate the ZAHB, the end of core-He burning and the end of
He-shell burning, respectively. It takes the sdB star 1.8 × 108 yr to evolve from I
to II, and 107 yr from II to III.
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Figure 3.3: Left : the frequencies of the stable (×) and unstable (+) modes (l ≤ 2)
as a function of the EHB age, for the three tracks given in Fig. 3.2. Right : the
opacity as a function of the temperature after 107 yr of sdB evolution. Panels
(a&d) correspond to f = 10, (b&e) are for the Gaussian parametrization of f , and
(c&f) are for the model with no iron enhancement.
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Table 3.1: The models in grid A and B. a
track # models MsdB (M) Menv,0 (M) MZAMS (M)
A1 27 0.42 0.0001 1.85
A2 27 0.42 0.0003 1.85
A3 27 0.42 0.0006 1.85
A4 25 0.43 0.0001 1.80
A5 25 0.43 0.0003 1.80
A6 25 0.43 0.0006 1.80
A7 23 0.44 0.0001 1.75
A8 23 0.44 0.0003 1.75
A9 23 0.44 0.0006 1.75
A10 21 0.45 0.0001 1.65
A11 21 0.45 0.0003 1.65
A12 21 0.45 0.0006 1.65
A13 20 0.46 0.0001 1.55
A14 20 0.46 0.0003 1.55
A15 20 0.46 0.0006 1.55
A16 18 0.47 0.0001 1.00
A17 18 0.47 0.0003 1.00
A18 18 0.47 0.0006 1.00
B1 23 0.44 0.005 2.75
B2 18 0.45 0.0075 2.75
B3 21 0.46 0.005 2.90
B4 18 0.47 0.0075 2.90
B5 18 0.47 0.005 3.00
aThe label of the track given in the first column is used for reference in Fig. 3.7. The second
column gives the number of seismic models along that track. The final column shows the mass
of the ZAMS models from which the sdB star is created.
post-He-core-burning evolution differs, see Fig. 3.4b. The post-non-degenerate
sdB star again has a short phase (∼106 yr) of H-shell burning, before starting
He-shell burning.
3.3.3 Comparing two representative models
We examined the physical differences in the interior structure of a post-flash
(α) and a post-non-degenerate (β) sdB with same log g and Teff . We chose as
representative the models circled in Fig. 3.4b at log g = 5.78 and Teff = 30 kK.
One of the main differences is the abundance profiles, see Fig. 3.5a. The He-H
transition layer of β is much broader and located deeper in the star. The envelope
of β is in the region where the shrinking convective core passed through during
the MS, hence the low H-abundance here: X = 0.18. For α, the helium core has
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Figure 3.4: (a) sdB Evolutionary tracks in the log g − Teff diagram. The solid
curves correspond to the post-flash sdB models, and the dotted curves to the post-
non-degenerate sdB models. The circles and squares indicate models on which
we performed pulsation calculations for the post-flash and post-non-degenerate
tracks, respectively. (b) Evolutionary tracks of a post-flash sdB star created from
of low-mass (MZAMS = 1.00 M), and a post-non-degenerate sdB star created
from a high mass (MZAMS = 3.00 M) progenitor, given by the solid and dotted
curve, respectively. Along the tracks the dominant energy source (either H-shell-
burning, He-core-burning or He-shell-burning) is noted. The bold part of the tracks
indicate the He-core-burning phase and the thin part the He-shell burning phase.
During the dot-dashed parts of the post-non-degenerate track, H-shell burning is
the dominant energy source. At the circle in (b), we selected from both tracks a
model for a detailed comparison, see Section 3.3.3.
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grown into the region that used to be part of the convective envelope during the
RGB, and, as a result, the He-H transition region is much narrower while the
H-abundance in the envelope is around X = 0.66. We will discuss the possibility
of diffusion of hydrogen to the surface in Section 3.4. In Fig. 3.5d, we show the
iron mass fractions, and in Fig. 3.5e the resulting opacity profiles. The outer
opacity bump near log T = 4.7 is associated with helium ionization, and the iron
opacity bump near log T = 5.3 is enhanced by the local iron accumulation.
Two important quantities in stellar pulsation theory are the Brunt-Va¨isa¨la
frequency N and the Lamb frequencies Ll,
N2 =
Gm
r2
δ
Hp
(
∇ad −∇+ ϕ
δ
∇µ
)
(3.4)
with δ = − ∂ ln ρ
∂ lnT
and ϕ =
∂ ln ρ
∂ lnµ
;
L2l =
l(l + 1)c2s
r2
, (3.5)
where µ is the molecular weight and cs is the adiabatic sound speed. When
N2 < 0, the Ledoux criterion for dynamical stability is violated (Ledoux 1947).
Thus, in Fig. 3.5b&c, the convective regions can be clearly identified. The in-
nermost one is related to the convective core, and the outer two are the narrow
convective layers due to iron (near log T = 5.3) and helium ionization (near
log T = 4.6). Also, chemical gradients are apparent in N2 in the form of local-
ized peaks. The peak near the center is identified with the C-O/He transition
zone and the outermost peak to the He-H transition zone. The Lamb frequencies
are plotted in the same figure to indicate the propagation zones of the g-modes,
σ2 < (N2, L2l ), and the p-modes, σ
2 > (N2, L2l ), where σ is the angular pulsation
frequency. It is apparent that g-modes are deep interior modes, while p-modes
probe the superficial outer layers as pointed out by Charpinet et al. (2000).
Clearly, models α and β have very different physical characteristics. To es-
tablish how this affects their seismic properties, we compare their frequencies in
Fig. 3.6. Since the large frequency separation ∆f = fn,l − fn−1,l is mainly de-
pendent on the dynamical timescale, we see that ∆f at high frequencies is more
or less the same for the two models. The lower frequencies, however, are in fact
mixed modes that are more sensitive to the core, and we see a better distinc-
tion between models α and β here. Moreover, the frequency ranges of excited
l = 0 − 2 modes are not the same for these two models; for model α this range
is [3.4 mHz, 10.6 mHz], and for model β, it is [5.7 mHz,14.2 mHz]. The excited
modes thus have lower frequencies in model α than in model β. To understand
this, we compare in Fig. 3.5h the work integral of these two models for the radial
mode p7. The work integral increases towards the surface in the driving region
and decreases towards the surface in damping regions. The surface value is the
dimensionless growth rate, positive for unstable modes and negative for stable
ones. We see that p7 is unstable in model β, but stable in model α, which can
also be seen in Fig. 3.6.
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A first possible origin of the differences could come from the opacity, since
the driving is a κ-mechanism operating in the iron opacity bump. Fig. 3.5e
shows that the opacity is slightly larger for model β. The driving is thus a little
more efficient in model β. But this is not the main source of differences. Since
the envelope H-fraction is much smaller in model β (X = 0.18) than in model
α (X = 0.66), the molecular weight is larger and, at given temperature, the
density is significantly higher (factor ∼1.5) in model β, as shown by Fig. 3.5f.
The driving of the modes is related to the opacity, which is mainly a function
of temperature. Hence, if the eigenfunctions of two given modes have the same
shape as a function of temperature, the driving is the same. Here we compare
the modes p7 of two models with the same radius. As it is usually found for
p-modes, their last node is located at the same geometrical distance from the
surface ∆r. But the gradient of temperature is not the same for the two models:
|dT/dr| ∝ κρ is greater in model β because of the higher density, as can be seen
in Fig.3.5f&g. Hence, the difference between the temperature at the last node
and at the surface, |∆T | ' |dT/dr|∆r, is greater in model β than in model α.
This is exactly what we find in Fig. 3.5i, where the eigenfunction |δT/T | is given.
In terms of the temperature, the last node is closer to the surface in model α than
it is in model β. To get the same driving as in model β, the last node of model α
would have to be deeper in the star, which is only possible by considering a mode
with lower radial order and frequency. Hence, the frequencies of excited modes
are lower in model α than in model β.
3.3.4 Comparing two grids of models
We investigated if it is possible to distinguish between a post-He-flash (a) and
a post-non-degenerate sdB stellar model (b) from observed oscillation modes.
Imagine we observed the frequencies of b; is it then possible to find an acceptable
seismic match in our grid of canonical post-flash models (grid A)? We took as
‘observed’ frequencies those of unstable modes up to l = 2. We did this for each
model b in grid B, thus finding the best seismic match within grids A and B.
Since frequency separations follow from asymptotic relations for p-modes, the
frequency is a natural quantity for model comparison. Despite this, periods have
been used more often in the literature so far, when comparing observed modes
of sdB stars with those predicted by models. We also considered period match-
ing, but found frequency matching more suitable to compare the p-modes of the
models. This will be different for g-modes, where the mode period is the natural
quantity to comparing observations with models.
To quantify ‘acceptable’, we used the merit function
M2 =
1
nb
nb∑
i=1
(f ia − f ib)2, (3.6)
where f ib is one of the nb excited frequencies of star b, and f
i
a is the correspondingly
matched frequency of star a, expressed in mHz. The frequency matching is done
such that M2 is minimized by brute-force fitting. It is clear that the lower M2,
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Figure 3.5: Physical and seismic quantities of the two representative models α
(post-flash) and β (post-non-degenerate). The profiles are shown as a function of
the temperature: (a) the hydrogen (X) and helium (Y ) mass fractions; (b)&(c)
the Brunt-Va¨isa¨la and Lamb frequencies for model α and β, respectively; (d) the
iron mass fraction; (e) the opacity; (f) the density, we also plotted the density
ratio ρβ/ρα on the right axis; (g) the temperature gradient |dT/dr|; (h) the work
integral for radial mode p7; and (i) the eigenfunction |δT/T | for the radial mode p7.
In all panels except (b)&(c), solid lines represent model α and dotted lines model
β. Note that panels (a)-(c) give the profiles throughout the entire star, while the
profiles in panels (d)-(h) are for the stellar envelope.
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Figure 3.6: The pulsation frequencies for modes l = 0 − 2. Solid line segments
are for model α and dotted ones for model β. Unstable modes are given by long
line segments, and stable modes by short line segments. The modes with radial
order n = 1 and radial mode p7 are indicated.
the better the match between a and b. Matches with M2 > 0.05 are considered
unacceptable, which is a generous limit, as we will see later. We investigated four
different scenarios:
(i) We are not able to identify the modes, log g and Teff of the ‘observed’ star
b are unknown, and the ‘observed’ frequencies are allowed to be matched
with both stable and unstable frequencies of the ‘theoretical’ model a.
(ii) Same as (i), except the modes are identified, thus the l-value must be
matched.
(iii) Same as (i), except log g and Teff are known within errors of d log g = 0.1
and dTeff = 1000K.
(iv) Same as (i), except the ‘observed’ frequencies are only matched with unsta-
ble ‘theoretical’ frequencies, i.e. assuming that the theory correctly predicts
which frequencies are exited and which are not.
In Fig. 3.7, we show M2 for each gridpoint in grids A and B for the scenarios
(i)-(iv). The matches with low M2 are visible as dark diagonal regions. This is a
result of the change in frequencies during the sdB evolution. From Fig. 3.7(i)-(iii),
it is clear that the distinction between models a and b is drastically increased if we
have either mode identification or spectroscopic log g and Teff values. Fig. 3.7(iv)
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Table 3.2: The models with minimum M2 for the four different scenarios.
(i) & (ii) (iii) (iv)
M2 0.0018 0.0082 0.080
track A1 A13 A1
MsdB (M) 0.42 0.46 0.42
Menv,0 (M) 0.0001 0.0001 0.0001
log g 5.69 5.69 5.78
Teff(K) 29216 33117 32187
EHB age (yr) 2.2× 108 1.9× 108 2.7× 108
track B5 B5 B5
MsdB (M) 0.47 0.47 0.47
Menv,0 (M) 0.005 0.005 0.005
log g 5.69 5.69 5.69
Teff(K) 33558 33558 33558
EHB age (yr) 1.8× 108 1.8× 108 1.8× 108
shows that, if we only allow matching to unstable (and not stable) frequencies of
a, there are no matches.
The matches with lowestM2 are circled in Fig. 3.7 and details of these models
are shown in Fig. 3.8 and Table 3.2. For all scenarios the same model b gives
the best match, namely the last model of evolutionary track B5. We understand
that in terms of only the higher frequencies with radial order n ≥ 3 being excited
in this model. As we discussed in Section 3.3.3, the lower frequencies are more
sensitive to the deeper layers, thus the distinction between models a and b is
better detected at low frequencies.
What values ofM2 are in practice considered acceptable? We evaluate the op-
timal model that Brassard et al. (2001) found for PG 0014+067, with χ2 = 0.5374,
where χ2 is a merit function based on mode period comparison. Translated to our
frequency merit function, this is equivalent to M2 = 0.0084. Although we find,
in principle, seismic matches between a and b with M2 of this order for scenarios
(i)-(iii), they are not statistically favoured. For scenario (i) we find that 12 of the
98 models in grid B can be matched with a model in grid A with M2 ≤ 0.01, and
this is 7 for scenario (ii), and only 1 for scenario (iii).
3.4 Discussion & conclusions
We studied the so far neglected, post-non-degenerate sdB stars and compared
their physical and seismic characteristics with those of canonical post-flash sdB
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Figure 3.7: Colourmap ofM2. The models of grid A are plotted along the vertical
axis, and the models of grid B along the horizontal axis. The models are divided
in blocks according to evolutionary track, where we have ordered the blocks with
increasing mass (see Table 3.2), and in the blocks the models are ordered with
increasing age. The four panels are for the four different scenarios (i), (ii), (ii),
and (iv), as described in the text. In each panel we have pointed out and circled
the gridpoint with minimum M2. The frequency matching of these gridpoints can
be seen in Fig. 3.8. Note that panel (iv) has no acceptable matches, but we still
circled the one with the lowest M2.
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Figure 3.8: The frequency matches of the minimum M2 gridpoints. The l-value
of model a is depicted on the vertical axis. For scenarios (i) and (ii), this is equal
to the l-value of model b, for scenario (iv) it is not. Solid line segments are for
model a and dotted ones for model b. In the upper panel, we have indicated the
lowest radial order of the unstable modes of model b.
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stars, both formed in the CEE channel. The results presented here are a first
step in distinguishing these two kinds of sdB stars on the basis of their observed
oscillation character, which is necessary if seismic modelling is to achieve reliable
mass determination. Furthermore, the observation of a post-non-degenerate sdB
star in a post-CE binary would give strong constraints on the CE evolution. We
plan to continue such investigations with an application to the sdB pulsator in
the post-CE, eclipsing binary PG 1336−018 which we started in Hu et al. (2007)
and Vucˇkovic´ et al. (2007).
We find that, in principle, a post-non-degenerate sdB star may appear as an
EC 14026 star with similar pulsation frequencies as the canonical post-He-flash
sdB star, although it is not likely. Additional observables, such as spectroscopic
log g and Teff determinations and/or empirical mode identification from observ-
ables enable us to distinguish the two types of sdB stars more decisively. The
frequency range of the unstable modes is also an important discriminator between
the two formation channels. In general, for the same log g and Teff values, the ex-
cited frequencies of the post-non-degenerate sdB star are higher than the excited
frequencies of the post-flash star. This is a direct result of the differing interior
structures. Thus, special attention must be paid when observed frequencies are
matched with theoretically predicted ones of modes that are not excited.
Up to now, there have not been any evolutionary models of sdB stars avail-
able that include the coupling between diffusion and evolution consistently. This
is a deficiency, since iron accumulation due to radiative levitation is responsible
for the pulsational instability in these stars (Charpinet et al. 1996). Also, it has
been shown by Fontaine et al. (2006) that the iron accumulation changes the fre-
quencies significantly. In our study, we have parametrized the iron accumulation,
so that we can, at least in an approximative manner, simultaneously take into
account the effects of iron enhancement and evolution on the pulsation modes.
Here we have not considered the influence of the other diffusive processes,
i.e. diffusion due to gradients of pressure, temperature, and concentration. To
a certain extent this can affect our results, because one of the main differences
between the two types of sdB stars is the chemical composition of the stellar
envelope. Specifically, we find in the envelope of the post-non-degenerate sdB star
an H-mass fraction of X = 0.18, while the post-flash sdB star has X = 0.66 there.
Normally, it is assumed that sdB stars have H-rich or even pure H-envelopes,
caused by gravitational settling. While this is true for the outermost layers,
diffusion is not expected to work efficiently at depths log q & −3 (see e.g. Richard
et al. 2002 and Chapter 4). Since the envelopes of the post-non-degenerate sdB
stars extend to log q & −2 (i.e. T & 107 K), we do not expect diffusion to
wash away all the qualitative differences in the chemical profiles, although the
differences may be less pronounced. Diffusion, however, will significantly change
the surface abundances of our models and likely will bring them into agreement
with the observed values. Spectroscopic line profile analysis has shown that the
majority of sdB is He-deficient, and only a few are He-rich (Edelmann et al.
2003; Lisker et al. 2004). Stellar evolution models that include diffusion coupled
to reliable atmosphere models are needed to assess whether the two different
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formation channels will be distinguishable via a spectroscopic abundance analysis.
We are currently computing such evolutionary sdB models including diffusion due
to gradients of pressure, temperature, and concentration. Our preliminary results
indeed agree with our expectations, i.e. the H-surface abundance increases on a
very short timescale, but the chemical profiles at deeper layers are not affected.
The pulsational properties of these improved models will be discussed in detail
in the next Chapter.
We have made a modest grid of models that is sufficient for our comparative
study. Detailed seismic modelling of an observed star, however, will require a finer
grid. For now, we have chosen not to make sdB models above 0.47 M, since
this is the maximum mass the degenerate He-core of a red giant with Z = 0.02
can have before experiencing the He-flash. A metallicity of Z = 0.004 allows the
He-core to grow up to 0.48 M on the RGB. However, we find that, in order to
excite modes in these low metallicity stars, an iron enhancement greater than
a factor 10 is required. This was to be expected, since Charpinet et al. (1996)
found unstable pulsation modes for models with uniform Z ≥ 0.04 in the H-rich
envelope. We have therefore not pursued these models further. The question
whether post-flash sdB stars can have masses > 0.47 M is also closely related to
the input physics (e.g. convective overshooting) and the physics of the He-flash,
and needs to be examined further.
In this Chapter, we have focused on the short-period p-mode sdB pulsators.
The case of the long-period g-mode sdB pulsators is, although challenging from an
observational point of view, an additional very interesting theoretical case study.
The p-modes only probe the outermost layers, and hence are less affected by the
differing composition gradients than the g-modes, as they propagate deeper into
the star. The long-period sdB pulsators are interpreted as cooler sdB models with
much thicker hydrogen-envelopes than the short-period sdB pulsators (Fontaine
et al. 2003; Jeffery & Saio 2006b). Since the g-modes are deep interior modes, full
evolutionary models including iron accumulation, as developed here, are required
to model these stars. We present a detailed study of the long-period sdB pulsators
in Chapter 5.
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GRAVITATIONAL SETTLING IN PULSATING SUBDWARF B
STARS AND THEIR PROGENITORS
H. Hu, E. Glebbeek, A. A. Thoul, M.-A. Dupret, R. J. Stancliffe, G. Nelemans,
C. Aerts
A&A, 2009, under revision
Abstract: Diffusion of atoms can be important during quiescent
phases of stellar evolution. Particularly in the very thin inert en-
velopes of subdwarf B stars, diffusive movements will considerably
change the surface abundances on a short timescale. Also, the sub-
dwarfs will inherit the effects of diffusion in their direct progenitors,
namely giants near the tip of the red giant branch. This will influ-
ence the global evolution and the pulsational properties of subdwarf
B stars. We investigate the impact of gravitational settling, thermal
diffusion and concentration diffusion on the evolution and pulsations
of subdwarf B stars. Although radiative levitation is not explicitly
calculated, we evaluate its effect by approximating the resulting iron
accumulation in the driving region. This allows us to study the ex-
citation of the pulsation modes, albeit in a parametric fashion. Our
diffusive stellar models are compared with models evolved without
diffusion. We use a detailed stellar evolution code to solve simul-
taneously the equations of stellar structure and evolution, including
the composition changes due to diffusion. The diffusion calculations
are performed for a multicomponent fluid using diffusion coefficients
derived from a screened Coulomb potential. We constructed subdwarf
B models with a mass of 0.465 M from a 1 M and 3 M zero-age
main sequence progenitor. The low mass star ignited helium in a dy-
namical flash, while the intermediate mass star started helium fusion
gently. For each progenitor type we computed series with and without
atomic diffusion. Atomic diffusion in red giants causes the helium
core mass at the onset of helium ignition to be larger. We find an in-
crease of 0.0015 M for the 1 M model and 0.0036 M for the 3 M
model. The effects on the red giant surface abundances are small after
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the first dredge up. The evolutionary tracks of the diffusive subdwarf
B models are shifted to lower surface gravities and effective temper-
atures due to outward diffusion of hydrogen. This affects both the
frequencies of the excited modes and the overall frequency spectrum.
Especially the structure and pulsations of the post-non-degenerate
sdB star are drastically altered, proving that atomic diffusion cannot
be ignored in these stars. Sinking of metals could to some extent in-
crease the gravities and temperatures due to the associated decrease
in the stellar opacity. However, this effect should be limited as it is
counteracted by radiative levitation.
4.1 Introduction
Atomic diffusion in stars can change the chemical abundances during different
evolutionary stages. For example, the chemically peculiar subdwarf B (sdB)
stars show surface abundance anomalies most likely caused by diffusive processes
(Fontaine & Chayer 1997). These stars, which are believed to be low mass (∼0.5
M) core-He-burning stars, have atmospheres typically dominated by H and de-
ficient in He (Heber 1991). In addition, Michaud et al. (2007) found significant
differences between stellar models evolved with and without diffusion on the Red
Giant Branch (RGB) and the Horizontal Branch (HB). Some of their results
should also apply to sdB stars, which are commonly believed to be Extreme
Horizontal Branch (EHB) stars and the descendants of red giants.
Some sdB stars show pulsations, and two types of pulsators are distinguished;
the short-period variable EC 14026 stars (Kilkenny et al. 1997), and the long-
period variable PG 1716 stars (Green et al. 2003). The rapid oscillations in
EC 14026 stars are interpreted as low-order p-modes, driven by the κ-mechanism
operating in the iron opacity bump (Charpinet et al. 1996). The same mechanism
has been shown to excite long-period, high-order g-modes in models slightly cooler
than the PG 1716 stars (Fontaine et al. 2003). This temperature discrepancy
might be related to the stellar opacities (Jeffery & Saio 2006b). The local iron
enhancement necessary in the driving region around log T ≈ 5.3 is caused by the
competing diffusion processes of radiative levitation and gravitational settling.
Despite the obvious importance of diffusion in these stars, sdB evolutionary
models did not include this process consistently up to now. Instead, it was often
assumed that, as a result of gravitational settling, the thin envelope is H-rich
and the H-profile is arbitrarily steep. However, the envelope composition and the
precise form of the He-H transition layer are important for the pulsation modes.
Furthermore, the assumption of such a H-envelope is inappropriate for the newly
proposed post-non-degenerate sdB stars by Han et al. (2002). In Chapter 3
(Hu et al. 2008), we showed that these stars have a broad He-H transition layer
extending to deeper regions, where diffusion is not expected to work efficiently.
This is in contrast to the canonical post-He-flash sdB models, that inherit a steep
H-profile from their progenitors on the RGB.
While the inclusion of gravitational settling, thermal diffusion and concen-
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tration diffusion during stellar evolution is relatively straightforward as we show
here, the implementation of radiative levitation is far more difficult. Still, radia-
tive levitation has been treated consistently in some stellar evolutionary models,
for example for Population I and II main sequence stars (Richard et al. 2001,
2002) and HB stars (Michaud et al. 2007). These studies have led to important
insights in the stellar structure, evolution and abundance anomalies, see Michaud
& Richer (2008) for a review. Although it is eventually also our aim to include
radiative accelerations in our sdB models, it is beyond the scope of this thesis.
In order to study the mode excitation in sdB stars nevertheless, different
approximations have been made in the literature. One could simply enhance Fe
uniformly through the entire stellar envelope (Charpinet et al. 1996; Jeffery &
Saio 2006a), but then the stellar evolution and pulsations would be unrealistically
altered. A more sophisticated treatment assumes a diffusive equilibrium profile of
Fe, see Charpinet et al. (1997). These authors argued that the equilibrium state
is reached on timescales much shorter than the sdB evolutionary timescale (∼108
years). Hu et al. (2008, Chapter 3) approximated the equilibrium Fe profile with
a Gaussian function centered around log T = 5.3. Such a parametric approach
is convenient for the study of mode excitation, because the exact shape of the
non-uniform Fe profile does not greatly affect the driving, as long as the resulting
opacity bump is large enough. Secondly, Fe is only enhanced in the driving region,
corresponding to a very thin mass-shell (.10−6 M). Thus, such a parametric
approach does not model the shape of the Fe distribution in detail, but is more
realistic than simply increasing the metallicity in the entire envelope.
In this study, we constructed sdB models with gravitational settling, tem-
perature diffusion and concentration diffusion from the zero-age main sequence
(ZAMS) to the EHB. Radiative accelerations were neglected, but in order to eval-
uate how our results might be affected, we enforced Fe enhancement in one series
of calculations, in the same way as in Hu et al. (2008, Chapter 3). For conve-
nience, we will refer to the collective effects of gravitational settling, thermal and
concentration diffusion as ‘atomic diffusion’ in the rest of this work.
In the next section, we introduce the method followed in this work. In Section
4.2.1 we present the diffusion equations. In Section 4.2.2, we describe the stellar
evolution code and the input physics. In Section 4.3, we show calibrated solar
models as a test for the updated diffusion and evolution code. In Section 4.4,
we examine the effects of atomic diffusion in red giants, which we used to build
diffusive sdB models presented in Section 4.5. The conclusions are discussed in
Section 4.6.
4.2 Method
4.2.1 The diffusion equations
The effects of diffusion are in general small, and this has led to various, sometimes
unnecessary, approximations in its treatment, e.g. considering trace elements and
binary mixtures. Also, the calculation of the diffusion coefficients is greatly sim-
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plified by describing the interaction between particles by a pure Coulomb po-
tential with a long range cut-off. However, a screened Coulomb potential gives
more accurate results, especially at high densities (Paquette et al. 1986). Here,
we calculate the diffusion velocities due to gradients of pressure (i.e. gravitational
settling), temperature, and concentration in a multicomponent fluid. We use the
routine by Thoul et al. (1994) (hereafter TBL) to solve Burgers flow equations
(Burgers 1969). The original TBL routine uses diffusion coefficients derived from
a pure Coulomb potential with a cut-off at the Debye length. We have updated
it to make use of more accurate diffusion coefficients derived from a screened
Coulomb potential by Paquette et al. (1986).
For a review of the basic equations describing atomic diffusion in stars we
refer to Thoul & Montalba´n (2007). We briefly recall the most important ones.
The Burgers diffusion equations are (N equations),
dpi
dr
+ ρig − niZieE =
N∑
j 6=i
Kij(wj − wi) +
N∑
j 6=i
Kijzij
mjri −mirj
mi +mj
, (4.1)
including the heat flow equation (N equations),
5
2
nikB∇T = 5
2
N∑
j 6=i
zij
mj
mi +mj
(wj − wi)− 2
5
Kiiz
′′
iiri
−
N∑
j 6=i
Kij
(mi +mj)2
(3m2i +m
2
jz
′
ij + 0.8mimjz
′′
ij)ri
+
N∑
j 6=i
Kijmimj
(mi +mj)2
(3 + z′ij − 0.8z′′ij)rj. (4.2)
In addition, we have two constraints: current neutrality,∑
i
Ziniwi = 0, (4.3)
and local mass conservation, ∑
i
miniwi = 0. (4.4)
In the above 2N + 2 equations, pi, ρi, ni, Zi, and mi denote the partial pressure,
mass density, number density, charge and mass for species i, respectively. N is the
total number of species including electrons. The 2N+2 unknown variables are the
N diffusion velocities wi, theN heat fluxes ri, the gravitational acceleration g, and
the electric field E. We take the diffusion coefficients, Kij, zij, z
′
ij and z
′′
ij, from
Paquette et al. (1986). The system of Eqs. (4.1) - (4.4) can be written as a matrix
equation, and it can then be solved by LU decomposition, i.e. by decomposing
the matrix in a lower and upper triangular matrix. The procedure we followed
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is described in detail by TBL. We note that TBL eliminated the concentration
gradient of He by demanding charge neutrality. However, this is unnecessary and
we find it more convenient to keep all ionic concentration gradients.
A rigorous study requires the calculation of the degree of ionization, and the
treatment of each ion as a separate species. As a simplification, one often uses
the mean ionic charge. However, we found that this gives inconsistent results
in regions where the degree of ionization changes rapidly. Also, difficulties arise
in the case of neutral atoms, for TBL defined the concentrations with respect
to electrons. Furthermore, we have not included diffusion coefficients of neutral
atoms, which are due to atomic polarizability rather than Coulomb scattering.
To avoid these complications, we simply assume full ionization for the calculation
of the diffusion velocities, although we are aware that this might lead to a slight
underestimation of the diffusion velocities (Turcotte et al. 1998; Schlattl 2002).
For the equation of state the ionization of H, He, C, N, O and Ne are calculated
using an approximate pressure ionization model (Pols et al. 1995).
The diffusion velocity can be expressed in terms of gradients of ion abun-
dances, pressure and temperature,
wi =
∑
j
aij
∂ lnXj
∂r
+ aP
∂ lnP
∂r
+ aT
∂ lnT
∂r
,
where the coefficients aij, aP and aT follow from the TBL procedure. Having
calculated the diffusion velocities, we can now solve the equations for the com-
position changes,
∂Xi
∂t
+Rnuc,i =
1
ρr2
∂
∂r
(
σρr2
∂Xi
∂r
)
− 1
ρr2
∂
∂r
(ρr2Xiwi), (4.5)
where Rnuc,i is the rate of change of species i due to nuclear reactions, σ is the
turbulent diffusion coefficient for convective mixing, and the last term gives the
composition changes due to atomic diffusion.
4.2.2 The stellar evolution code and input physics
The stellar models are constructed with the stellar evolution code STARS devel-
oped by Eggleton (1971, 1972, 1973), and Eggleton et al. (1973). This code has
been updated by Pols et al. (1995) to make use of an equation of state that in-
cludes pressure ionization and Coulomb interaction. Stancliffe & Glebbeek (2008)
implemented gravitational settling in STARS by considering trace elements in a
H background. Here, we solve the full set of Burgers equations as described in
the previous section.
Stancliffe (2006) distinguishes three different methods for a stellar evolution
code to solve the structure equations together with the equations for composition
changes: the fully simultaneous, partially simultaneous and non-simultaneous ap-
proach. The STARS code follows the fully simultaneous approach, i.e. the com-
position equations are solved simultaneously with the structure (and the mesh-
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spacing). While the non-simultaneous and the partially simultaneous approach
can encounter numerical instabilities if the diffusion timescale becomes short, the
simultaneous approach is not hampered by this. The drawback, however, is that
it is computationally expensive to follow a large number of nuclear species in this
way. We therefore limit to the abundance changes of seven species: H, He, C,
N, O, Ne, and a fictitious species gathering all the other ones. Thus, the heavy
elements that are not explicitly followed are assumed to diffuse equally.
The code uses nuclear reaction rates from the NACRE compilation (Angulo
et al. 1999) supplemented by reaction rates from Caughlan & Fowler (1988).
The 14N(p,γ)15O reaction rate is reduced to 0.64 times the NACRE value, as
suggested by Herwig et al. (2006) and Formicola & LUNA Collaboration (2002).
The neutrino loss rates are from Itoh et al. (1989, 1992). The metal mixture is
scaled to solar abundances (Grevesse & Noels 1993). Convection is treated with
the mixing-length prescription of Bo¨hm-Vitense (1958). We use a mixing-length
parameter (the ratio of the mixing-length to the local pressure scale height) of
α = l/Hp = 2.1, which gives an excellent fit to the Sun with the input physics
used here (see Section 4.3).
Both convective and semi-convective mixing are treated as diffusion processes
(see Eq. 4.5). It is assumed that mixing occurs in regions where
∇rad > ∇ad − δov/(2.5 + 20β + 16β2),
where β is the ratio of radiation pressure to gas pressure and δov is the overshoot-
ing parameter. Convective overshooting is included for stars with MZAMS > 1.5
M, using an overshooting parameter δov = 0.12, which corresponds to an over-
shooting length of ∼0.25Hp (Schro¨der et al. 1997; Pols et al. 1997, 1998). For He-
burning cores, convective overshooting is also included. The value of δov = 0.12
encompasses any additional mixing beyond the formal Schwarzschild boundary,
regardless of whether it is caused by the actual overshooting of material from
the convective region or whether it is caused by other processes, e.g. rotationally
induced mixing, atomic diffusion. So when these mixing processes are explicitly
modelled in the code, as atomic diffusion is now, the parameter δov should actu-
ally be redetermined. Such a study is beyond the scope of this thesis, and will
be performed elsewhere (Glebbeek et al., in preparation).
Mass-loss on the RGB is described by a version of Reimers’ law (Reimers
1975) based on a physical approach by Schro¨der & Cuntz (2005):
M˙wind = η
(R/R)(L/L)
(M/M)
( Teff
4000 K
)3.5(
1 +
g
4300g∗
)
,
with the parameter η set to 8× 10−14 Myr−1. On the EHB, mass-loss is ignored
in order to evaluate solely the effects of diffusion. It is expected that the rates
in that phase are below 10−12 Myr−1 (Unglaub & Bues 2001; Vink & Cassisi
2002).
Due to diffusion, the H-abundance in the outer stellar layers will exceed the
initial value. If the envelope is radiative and mass-loss is limited, the outer layer
56
Gravitational settling in pulsating subdwarf B stars and their
progenitors
will consist of almost pure H. The standard opacity tables in the STARS code
(Pols et al. 1995; Eldridge & Tout 2004; Chen & Tout 2007) are not suitable here,
because they only go up to X = 0.8. Furthermore, in the standard version of the
evolution code, only the opacity table corresponding to the zero-age metallicity
is loaded during an evolution run.
Therefore, we constructed new opacity tables that are valid for H- and He-
burning regions and for compositions up to X = 1. We took the opportunity to
implement the most recent values: OPAL opacities by Iglesias & Rogers (1996)
smoothly merged with the low-temperature opacities by Ferguson et al. (2005).
These are then combined with updated conductive opacities (Cassisi et al. 2007)
by reciprocal addition. The covered range is 2.7 ≤ log T ≤ 8.7 and −8 ≤ logR =
log ρ/T 36 ≤ 1. At the high end of log T and logR, where values are missing due
to the non-rectangular form of the OPAL tables, we extrapolate linearly.
For interpolation convenience during the evolution calculations, the tables are
made rectangular in (log T , log ρ/T 36 , Z, XF ), where we defined the composition
variable
XF = X −XC −XO.
X is the hydrogen mass fraction, XC and XO are the mass fractions of the en-
hanced carbon and oxygen, above that included in the metallicity. Thus, XF is
simply X during H-burning, but follows CO enhancement during He-burning. We
note that the low-temperature opacities by Ferguson et al. (2005) do not include
enhanced CO mixtures. Thus, our tables with CO enhancement are valid down
to log T = 4, which is fine for sdB stars.
We obtained tables for Z = 0, 0.0001, 0.0003, 0.001, 0.002, 0.004, 0.01, 0.02,
0.03, and 0.04. For each metallicity, we built tables for the compositions: (X,
XC + XO) = (1 − Z, 0), (0.95, 0), (0.9, 0), (0.8, 0), (0.7, 0), (0.5, 0), (0.35, 0),
(0.2, 0), (0.1, 0), (0, 0), (0, 0.1 + 0), (0, 0.3 + 0.1), (0, 0.4 + 0.2), (0, 0.4 + 0.4),
(0, 0.1 + 0.9 − Z). We derived the C/O ratio from a 0.47 M sdB star during
He-burning. Due to the sensitive temperature dependence of the 3α reactions,
the C/O ratio is higher for more massive stars, but luckily, it is more or less
constant within the narrow mass range of sdBs. Thus, we do not explicitly follow
XC and XO separately (as in Eldridge & Tout 2004), but we use the fact that
the C/O ratio is a function of XC +XO (as in Pols et al. 1995 and Chen & Tout
2007).
We also take into account the effect of metal diffusion on the opacity, and
therefore interpolate in metallicity during the evolution. It should be noted that
the opacity is still calculated for a fixed metal mixture (Grevesse & Noels 1993),
except in the case that Fe is artificially enhanced in the sdB models. This is
justified, since the heavy elements diffuse with roughly the same velocities.
The new opacity tables are written in a format suitable for the opacity rou-
tine that was originally developed for the CLE´S evolution code by Scuflaire et al.
(2008). This routine also calculates accurate opacity derivatives that are neces-
sary for the stability analysis.
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4.3 Solar models
4.3.1 Calibration of solar models
An important test for a stellar evolution code is provided by the Sun. In the
standard approach of calibrating solar models, the mixing length parameter α,
the initial He and metal abundance are adjusted to produce, at the solar age
(4.57×109 yr, Bahcall et al. 1995), models with observed solar radius (6.9599×1010
cm, Allen 1973), luminosity (3.842× 1033 erg/s, Bahcall et al. 2001) and surface
metal fraction Zs/Xs (0.0245, Grevesse & Noels 1993). Because the luminosity
of a stellar model is sensitive to the mean molecular weight, the He-abundance
can be adjusted to yield the solar luminosity. The mixing length parameter
determines the efficiency of energy transport by convection; at a fixed luminosity,
a smaller α leads to a larger radius and thus a lower effective temperature.
Pols et al. (1995) found an approximate solar model, cooler and fainter within
0.2% and 0.7%, for α = 2.0, Yi = 0.2812, Zi = 0.0188 with older opacity tables
than used here (Rogers & Iglesias 1992), and no atomic diffusion. Since the stel-
lar radius is also influenced by the opacity, stellar models using different opacity
tables could require different values of α (Chieffi et al. 1995). Furthermore, other
physical inputs, such as the inclusion of atomic diffusion, will influence the cali-
bration of solar models. Therefore, we perform a new solar calibration with the
updated input physics described in Section 4.2.2.
We found for α = 2.1, Zi = 0.01928, Yi = 0.2725 a solar model with a radius
and luminosity within 0.01% of the Sun. The surface mass fractions at the solar
age are Ys = 0.248 and Zs/Xs = 0.0245, which is consistent with Grevesse & Noels
(1993). The latest determination of Zs/Xs = 0.0165 by Asplund et al. (2005),
although likely to be more accurate, poses a serious problem for helioseismology
as pointed out by various authors, e.g. Serenelli et al. (2004), Montalba´n et al.
(2004) and Christensen-Dalsgaard et al. (2009). Also, the opacity tables use the
Grevesse & Noels (1993) metal mixture. We have, therefore, not considered the
new solar abundances here.
The same ZAMS model evolved without atomic diffusion has at the solar age
a radius and luminosity 1.6% smaller than the diffusive model of the Sun. This
can be understood in terms of the greater mean molecular weight in the core due
to He-settling. Consequently, the nuclear burning rate is higher, giving a larger
radius and luminosity for the diffusive solar model.
For the remainder of this paper, we use the mixing length parameter α = 2.1
for all our models. However, one should keep in mind that α could depend on
the specific physical conditions, and could therefore vary with stellar mass and
evolutionary phase.
4.3.2 Diffusion velocities in the solar interior
It is illustrative to compare the diffusion velocities obtained with the updated
diffusion routine to previous results, using (i) the simplified formulas by Michaud
& Proffitt (1993) (hereafter MP) for diffusion velocities in a fully ionized H-He
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mixture, and (ii) the original TBL routine. We calculated the H-diffusion velocity
throughout the solar interior using Eq. (17) of MP, where we used the standard
solar model as described above. Fig. 4.1 shows the ratio of the MP H-diffusion
velocities and our exact values. We evaluate the contributions due to pressure
and temperature separately. The ratio of the concentration gradients terms is
not shown explicitly, because this almost coincides with the ratio of the pressure
terms. Our results are also compared to values obtained with the original TBL
routine. It is clear that the largest error in both the MP and the TBL approach
is caused by the thermal diffusion term. It has already been noted by TBL
that this error is likely caused by their assumption of zij = 0.6. MP solved the
Burgers equations for a H-He mixture analytically without the heat fluxes, and
numerically with the heat fluxes. They then represented the effects of the heat
fluxes by an ad hoc correction to the results obtained when neglecting those heat
fluxes. It is, therefore, not surprising that their largest error is also in the thermal
diffusion term.
In the left panel of Fig. 4.2, our total H-diffusion velocity is compared with
results by MP and TBL. Our calculations give a slightly lower H-diffusion ve-
locity. This is due to the overestimation of the thermal diffusion velocity in the
approximations. A solar model evolved with the same input parameters as before,
i.e. α = 2.1, Zi = 0.01928, Yi = 0.2725, but using diffusion velocities from the
original TBL routine, results in a radius larger by 0.09% and is more luminous
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Figure 4.1: The ratio of the approximate diffusion velocities of H to our new
exact values, as a function of the solar radius. The solid (MP) and long-dashed
(TBL) lines give the ratio of the pressure terms, the short-dashed (MP) and dotted
(TBL) lines indicate the temperature term ratios.
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Figure 4.2: Diffusion velocities throughout the solar radiative interior. Left : The
total H diffusion velocity, and right : the total oxygen diffusion velocity, using the
three different approaches: TBL (dotted line), MP (dashed line) and our updated
TBL approach (solid line).
by 0.15%. Although this effect is small, it becomes relevant within the desired
accuracy of calibrated solar models.
Equations (18) and (19) of MP give diffusion velocities of trace elements in
a H-He background. The deviation between our exact results and the MP and
TBL approximations is even worse for heavy element diffusion, as can be seen for
oxygen in the right panel of Fig. 4.2.
4.4 Progenitors of subdwarf B stars
We distinguish two types of sdB stars: the canonical post-flash sdB star and
the newly proposed post-non-degenerate sdB star (Han et al. 2002; Hu et al.
2007, 2008)1. The latter type originates from an intermediate mass progenitor
(2M . MZAMS . 4M) that ignited He quiescently, whereas the progenitor of
the canonical sdB star is a low mass star (MZAMS . 2 M). To become an sdB
star, a red giant must have lost a lot of mass when the core was close to He
ignition. For a single star this requires an enhanced stellar wind (D’Cruz et al.
1996). Since the majority of sdBs are observed in binaries (e.g. Maxted et al. 2001;
Morales-Rueda et al. 2006), a more natural mechanism for the mass loss is binary
interaction, which can be either stable Roche lobe overflow or common-envelope
ejection (Han et al. 2002). Regardless of the mechanism, we just removed the
desired amount of envelope to construct an sdB model.
As representative sdB progenitors, we use a 1 M and a 3 M stellar model
that we evolved from the ZAMS to the tip of the RGB. At ’zero-age’ the 1 M
model is assumed to be chemically homogeneous, while in the 3 M model 12C has
reached equilibrium through the CNO cycle. We used quasi-solar abundances,
X = 0.70, Y = 0.28, Z = 0.02.
1We do not consider sdBs that are merger products.
60
Gravitational settling in pulsating subdwarf B stars and their
progenitors
For comparison we computed for each stellar mass two evolutionary series,
one with atomic diffusion as described further in Section 4.2.1, and one without.
In the first case, all elements are diffused from the ZAMS to the RGB tip.
4.4.1 Low mass progenitor
One of the main differences between the 1 M model with and without atomic
diffusion is the difference in the He-core mass at the He-flash, a fact that was
already noticed by Michaud et al. (2007). We find that, with atomic diffusion,
the red giant has a Mcore,tip = 0.4664 M, while without atomic diffusion we get
Mcore,tip = 0.4649 M, where we defined the He core boundary to be at X = 0.10.
This 0.0015 M difference is caused by the fact that, due to gravitational settling,
the He-abundance at the H-burning shell will be lower. This implies a smaller
mean molecular weight at the shell for the diffusive model. Thus, the nuclear
burning rate will be lower, and hence the maximum temperature in the core
increases more slowly. Consequently, the core mass can grow to a higher value
before the temperature for He-ignition is reached. We find ∆Mcore.tip/∆Yshell =
−0.17, a somewhat lower dependence than found by Rood (1972) and Sweigart
& Gross (1978), -0.23 and -0.24, respectively. This could be due to the fact that
in our models the difference in He-abundance grows gradually, while Rood (1972)
and Sweigart & Gross (1978) examined the effect of the initial composition using
evolution calculations without diffusion. Also, different input physics such as the
nuclear reaction rates might play a role.
In Chapter 2 (Hu et al. 2007), we found a He core mass of 0.472 M at the
tip of the RGB for a 1 M model. The current lower value is caused by the new
conductive opacities by Cassisi et al. (2007). These authors already mention that
their updated conductive opacities cause a different thermal stratification in the
He core than previous results, leading to a lower He mass at the onset of the
flash.
We also notice small, but significant, differences in the surface composition,
see Fig. 4.3. Even after the first dredge up some differences remain. At the tip of
the RGB, the He surface abundance of the diffusive model is 3% lower than that
of the non-diffusive model. The metallicity is lower by 1%.
4.4.2 Intermediate mass progenitor
For the 3 M model with diffusion, the surface abundances become unrealistic.
The outer layers consist of pure H almost immediately after the ZAMS, because
the envelope is radiative. In reality, this would be prevented by competing pro-
cesses such as radiative levitation, turbulence, rotational mixing, mass loss etc.
However, we are not worried by this as we will remove most of the envelope to
construct an sdB star. In any case, after the first dredge up, the surface abun-
dances become comparable to the model without diffusion. This is partly because
diffusion has not been efficient in the interior, during the much shorter evolution-
ary timescale of the 3 M model . The 1 M model evolved from the ZAMS to
the RGB tip in 1.2 × 1010 yr, while it took the 3 M model only 3.8 × 108 yr.
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Furthermore, the convective envelope of the 3 M model dredges up more nuclear
processed material than in the case of the 1 M model , washing away the effects
of diffusion at the surface.
We find, with diffusion, Mcore,tip = 0.4403 M, and without Mcore,tip = 0.4367
M. The difference is 0.0036 M, which is larger than for the 1 M model. At
first instance this might be surprising, but one should realize that the reason that
the diffusive model has a larger Mcore,tip is different than for the 1 M model.
In this case, the convective core on the MS becomes larger in the presence of
diffusion. This is mainly caused by chemical composition changes leading to an
increase in the opacity as shown by Richard et al. (2001) and Michaud et al.
(2004). An extended convective core can burn more H, which leads to a larger
He core at the end of the MS, and ultimately, to a larger He core at the RGB tip.
4.5 Subdwarf B models
During the evolution up to the RGB tip, all elements were diffused if diffusion
was taken into account. However, on the EHB we must take special care because
in the absence of competing forces gravitational settling will cause all heavy
elements to sink. The outer layers will consist of pure H, and we know this is not
true for sdB stars. Their atmospheres are usually He deficient, a typical value
is log[N(He)/N(H)] = −2, although it can vary from −4 to −1 (Saffer et al.
1994; Heber & Edelmann 2004). The metal abundances show a wide spread from
solar to subsolar by a factor 100, and different metals show different patterns, see
e.g. Fontaine et al. (2004) and O’Toole & Heber (2006). Current diffusion theory,
with radiative levitation and weak stellar winds, has difficulties explaining the
observed abundance anomalies. We make no such attempt here, but we evaluate
how our results are affected by certain assumptions about the surface abundances.
We examine five cases on the EHB in order to disentangle the impact of different
diffusion processes:
1a) No diffusion, Fe is not enhanced.
1b) No diffusion, Fe is enhanced.
2a) Only H and He are diffused, so the surface metallicity stays roughly solar
(Z ≈ 0.02). Fe is not enhanced.
2b) Only H and He are diffused, Fe is enhanced.
2c) All elements are diffused, Fe is not enhanced.
We note that the differences between case 1a) and 1 b) were already examined
in Chapter 3 (Hu et al. 2008). In principle, we expect that case 2b) is the most
realistic, because diffusion calculations in HB stars indicate that He settles while
the metals are supported by radiative levitation (Michaud et al. 1983; Michaud
& Richer 2008). It is a tentative conclusion though, since it is not clear to
what extend the results for HB stars apply to sdB stars that have higher surface
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Figure 4.3: Surface abundances from the ZAMS to the tip of the RGB as a
function of the stellar age. The dashed lines are for the model with atomic diffusion,
and the solid lines are for the model without. The left panels are for the model
with MZAMS = 1 M and the right panels for MZAMS = 3 M. For the diffusive
MZAMS = 3 M model , the abundances run off the scale to the values indicated
with arrows.
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gravities and effective temperatures. Also, these authors examined HB stars
with Z=0.0001, and radiative accelerations in a solar metallicity star are much
smaller due to saturation of the lines. Case 2c) tells us what happens if radiative
levitation is not effective.
4.5.1 Post-flash sdB stars
The post-flash sdB models are constructed from the 1 M series. If the luminosity
due to He-burning exceeds 104 L, it is assumed that the He-flash occurs. The
post-flash model is taken to be a ZAHB star with the same mass, core mass and
chemical composition as the pre-flash model. In reality, the core abundances are
changed slightly due to nuclear burning during the flash. Detailed calculations
of the flash by Piersanti et al. (2004) and Serenelli & Weiss (2005), suggest that
C increases up to 5%. We are not concerned about this, since the p-modes are
shallow envelope modes and do not probe the core. However, for the g-modes that
propagate to deeper interior regions, the effects of nuclear burning and convective
mixing during the flash (as described in e.g. Dearborn et al. 2006 and Moca´k
et al. 2008) might be important. We will explore this in Chapter 5.
For the series without diffusion, the H-envelope is removed just after He-
ignition. The compositions are kept fixed during mass loss, i.e. it is assumed
that the mass loss happens on a timescale shorter than the nuclear and diffusion
timescales. The total amount of H left is MH = 10
−4 M. In this way, we obtained
sdB models with Mcore = 0.465 M. To obtain sdB models with the same core
mass for the series with diffusion, we had to remove the envelope before He-
ignition. Still, the core mass is large enough so that He is ignited after mass-loss,
see Hu et al. (2007, Chapter 2)
In the left panel of Fig. 4.4, we show the sdB evolutionary tracks in the
log g − Teff diagram for the cases 1a) solid line, 2a) short-dashed line, 2b) long-
dashed line and 2c) dotted line. We observe the following:
• Compared to 1a) no diffusion, no Fe enhancement, track 2a) with H-He
diffusion and no Fe enhancement, is shifted to lower surface gravities and
effective temperatures. Due to the outward diffusion of H, the density in the
envelope decreases. Consequently the envelope becomes less gravitationally
bound, and the sdB star gets larger and cooler.
• Comparing track 2a) to 2b) with H-He diffusion and with Fe enhancement
shows that Fe enhancement has only a small effect on the sdB evolution
as we already saw in Hu et al. (2008, Chapter 3). Due to the increased
opacity caused by Fe enhancement there is a slight shift to lower gravities
and temperatures.
• Interestingly, track 2c) with all elements diffusing, and no Fe enhancement,
is shifted to higher gravities and temperatures compared to 1a). This is
because the opacity decreases as the heavy elements sink. Consequently
the star becomes more compact and hotter, and apparently this effect is
greater than what happens due to H-He diffusion in 2a).
64
Gravitational settling in pulsating subdwarf B stars and their
progenitors
 5.2
 5.4
 5.6
 5.8
 6
 6.2
30354045505560
l o
g
 g
 (
c m
 s
−
2
)
Teff (1000 K)
progenitor mass = 1 M⊙
no diffusion, no Fe bump
with H−He diffusion, no Fe bump
with H−He diffusion, Fe bump
with Z diffusion, no Fe bump
35 304045505560
Teff (1000 K)
progenitor mass = 3 M⊙
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To illustrate the effect of time-dependent diffusion, we show in Fig. 4.5, the
H-profile against the fractional mass log(1−M3/M∗) at four different ages of the
sdB star: 0, 107, 5 × 107, and 108 yr after the ZAEHB. Without diffusion the
H-profile would hardly change.
After each 107 years of evolution on the EHB, the pulsational properties were
calculated with the non-adiabatic stellar oscillation code MAD (Dupret 2001). In
the top panels of Fig. 4.6, we show the frequencies of pulsation modes 0 ≤ l ≤ 2
as a function of the effective temperature. We plotted the results for the tracks
with Fe enhancement in order to evaluate the mode excitation, namely 1b), no
diffusion, with Fe enhancement, and 2b), H-He diffusion, with Fe enhancement.
We notice distinct changes in both the frequencies and the frequency range of
excited modes.
To understand the latter, one must realize that the driving is caused by an
opacity bump at log T = 5.3. When H diffuses outwards, the sdB star is cooler
and has a lower temperature gradient due to the lower density in the envelope by
dT
dr
= − 3
4ac
κρ
T 3
F
4pi
r2.
Thus the opacity bump will be located deeper in the star. For a mode to be
driven, the amplitudes of the eigenfunctions must be significant in the driving
region, which occurs when the last node is at a certain temperature (log T ≈ 6,
see Chapter 3 for details). So the last node of a mode must also be located deeper
in the star in order to get excited. This corresponds to modes of lower radial order
and frequency.
The change in the overall frequency spectrum is caused by the decrease in
surface gravity in the presence of diffusion. As a result, the dynamical timescale
τ ∼
√
R3∗
2GM∗ is longer. Since the large frequency separation is inversely dependent
on the dynamical timescale, the frequency spectrum is more densely spaced for
the sdB star with diffusion.
4.5.2 Post-non-degenerate sdB stars
For this type of sdB stars, we used the 3 M model as progenitor. The envelope
is removed just after He ignited quiescently in the core until the total mass is
0.465 M.
In the right panel of Fig. 4.4, we show the sdB evolutionary tracks in the
log g − Teff diagram for the same cases as before. Here, we deduce that;
• Compared to 1a), no diffusion, no Fe enhancement, track 2a), with H-He
diffusion and no Fe enhancement, is drastically shifted to lower gravities
and effective temperatures. In the presence of diffusion the initial low H-
abundance (Xs = 0.18) in the sdB envelope cannot be maintained. The
post-non-degenerate sdB star has a lot of H ’hidden’ in deeper layers. When
this diffuses outwards, the resulting shift in the log g−Teff diagram is much
more pronounced than for the post-flash sdB star.
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Figure 4.6: The frequencies of the stable (×) and unstable (+) modes with l ≤ 2
as a function of the effective temperature. The upper panels are for the post-flash
sdB star and the lower ones are for the post-non-degenerate sdB star. We used the
structure models from evolutionary tracks 1b) and 2b) for the case of no diffusion
(left) and with diffusion (right), respectively.
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• Again we find that Fe enhancement shifts track 2b), with H-He diffusion and
with Fe enhancement, to slightly lower gravities and effective temperatures
compared to 2a).
• Track 2c), with all elements diffusing, and no Fe enhancement, shows an
interesting feature. It is shifted to higher gravities and effective tempera-
tures compared to track 2a), but still has lower gravities and temperatures
compared to 1a). This is in contrast to what happens in this case for the
post-flash sdB star. It is apparent that the decrease in opacity has a smaller
impact than the effect of H-He diffusion described in 2a).
In the right panel of Fig. 4.5, one can see the effect of H-He diffusion on the
H-profile. The abundances in the outer layers are changed on a short timescale.
At depths of log(1 −Mr/M∗) > −3, diffusion does not work efficiently on the
EHB timescale (∼ 108 yr). The change in the H-abundance near the core at
log(1−Mr/M∗) & −1, is caused by H-shell burning.
In the bottom panels of Fig. 4.6, we plot the frequencies of pulsation modes
0 ≤ l ≤ 2 against the effective temperature for the cases 1b) and 2b). The effects
of diffusion on the pulsations are distinct. This is not surprising considering the
great impact diffusion has on the structure of the post-non-degenerate sdB star.
A previous study (Hu et al. 2008, Chapter 3) found that the frequency range of
excited modes is one of the main discriminators between the post-flash and the
post-non-degenerate sdB star. If diffusion is effective, this conclusion must be
revised. We still see differences in the frequency spectrum between models from
different evolutionary channels, but a more detailed study including more models
is necessary to quantify the differences. We plan to perform such an analysis in
the near future.
We conclude that atomic diffusion causes a larger change of H surface abun-
dance in the post-non-degenerate sdB star than in the post-flash one. So the
impact of H-He diffusion on the evolutionary tracks and driving is larger. In con-
trast to the post-flash case, this cannot be compensated by a possible decrease
in the opacity by the heavy elements settling.
4.6 Conclusions
We have updated the diffusion routine by TBL to make use of diffusion coefficients
derived from a screened Coulomb potential (Paquette et al. 1986) rather than
a pure Coulomb potential. The improved accuracy is mainly in the thermal
diffusion term, and this results in slightly lower diffusion velocities compared to
TBL. Although the effect is small, it becomes important within the accuracy
desired for calibrated solar models. We found an excellent fit to the Sun by
evolving a 1 M with initial abundances Z = 0.01928, Y = 0.2725 and mixing
length parameter α = 2.1 with atomic diffusion to the age of 4.57× 109 yr.
We evolved a 1 and 3 M stellar model from the ZAMS to the RGB tip, with
and without atomic diffusion. By including diffusion, we find an increase in the
He core mass at the RGB tip of 0.0015 M and 0.0036 M, respectively. Surface
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mass fractions are slightly changed for the 1 M model, but not significantly for
the 3 M model. The reason is in part the shorter evolutionary timescale of
the higher mass star. More importantly though, is the more efficient mixing of
nuclear processed material during the first dredge up. This is because for the
higher mass star, the inward advance of the convective envelope reaches regions
where the shrinking convective core passed through during the main sequence.
From the RGB models, we constructed post-flash and post-non-degenerate
sdB models. Radiative levitation was not included, but in one set of our calcula-
tions we enhanced Fe artificially around log T = 5.3 as an approximation to the
expected diffusive equilibrium profile (Charpinet et al. 1996). This allows us to
study the excitation of the pulsation modes, while the effect of such an artificial
Fe profile on the sdB evolution is minimal. Although the question remains if
such models are suitable for a precise seismic analysis, they are very useful for a
comparative study as presented here.
First of all, we see significant shifts in the evolutionary tracks when H-He dif-
fusion is included. If H diffuses outwards, the envelope is less dense and thus less
gravitationally bound. This results in larger radii, and therefore lower gravities
and effective temperatures. For the post-non-degenerate sdB star the difference
is much more pronounced, because the initial (ZAEHB) H-abundance in the en-
velope was very low, X = 0.18, and H extended to deeper layers. In the presence
of H-He diffusion in our sdB models, the frequencies of excited modes are lower
and the frequency spectrum is more densely spaced. Especially for the post-non-
degenerate sdB star the effect is drastic due to the large structural change of the
envelope.
We also examined what happens if the metals are allowed to sink due to
gravitational settling. The corresponding decrease in opacity will tend to make
the star more compact and hotter, thus competing with the effect of He settling.
In reality, however, radiative levitation prevents the metals from sinking, so we
expect the case of only H-He diffusion to be more realistic. It is clear that
consistent modelling of radiative levitation is a missing piece in this study, and
we intend to include this in future work. Still, the results presented here, are an
improvement to previous sdB models that altogether neglect atomic diffusion. In
particular, we find it cannot be ignored in the post-non-degenerate sdB stars as
it leads to totally different stellar structures.
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IMPACT OF HELIUM DIFFUSION AND HELIUM FLASH INDUCED
CARBON PRODUCTION ON GRAVITY MODE PULSATIONS IN
SUBDWARF B STARS
H. Hu, G. Nelemans, C. Aerts, M.-A. Dupret
A&A, 2009, under revision
Abstract: Realistic stellar models are imperative for the forward
modelling approach in asteroseismology. In practice, it is also neces-
sary to make certain model assumptions. For example in the case of
subdwarf B stars, one usually starts with zero-age horizontal branch
structures without following the progenitor evolution. We analyze
the effects of common assumptions in subdwarf B models on the g-
mode pulsational properties. We investigate if and how the pulsation
periods are affected by the H-profile in the core-envelope transition
zone. Furthermore, the effects of C-production and convective mixing
during the He flash are evaluated. Finally, we readdress the issue of
stellar opacities in the context of mode excitation in subdwarf B stars.
We computed detailed stellar evolutionary models of subdwarf B stars,
and their non-adiabatic pulsational properties. Atomic diffusion of H
and He is included consistently during the evolution calculations. The
number fractions of Fe and Ni are artificially increased up to a factor
10 around log T = 5.3. This is necessary for mode excitation and is
approximative the result of radiative levitation. We performed a pul-
sational stability analysis on a grid of subdwarf B models constructed
with OPAL and OP opacities. We find that helium settling causes a
shift in the theoretical blue edge of the g-mode instability domain to
higher effective temperatures. This results in a better match with the
observed instability strip of long-period sdB pulsators. We show fur-
ther that the g-mode spectrum is extremely sensitive to the H-profile
in the core-envelope transition zone. If atomic diffusion is efficient,
details of the initial shape of the profile become less important in
the course of evolution. Diffusion broadens the chemical gradients,
71
Chapter 5
and results in less effective mode trapping and different pulsation pe-
riods. Furthermore, we report on possible consequences of the He
flash for the g-modes. The outer edge of a flash-induced convective
region introduces another chemical transition in the stellar models,
and the corresponding spike in the Bru¨nt-Va¨isa¨la¨ frequency gives a
complicated mode trapping signature in the period spacings.
5.1 Introduction
Hot B-type subdwarfs are identified as core He-burning stars surrounded by only
a very thin H-envelope (Heber 1986). This places them at the blue extension of
the horizontal branch in the Hertzsprung-Russell diagram. Hence, they are also
referred to as extreme horizontal branch (EHB) stars. Subdwarf B (sdB) stars
are ubiquitous in our galaxy, where they dominate the population of faint blue
objects at high galactic latitudes (Green et al. 1986). Also, they are believed to
be responsible for the ultraviolet excess or ‘UV upturn’ in giant elliptical galaxies
(Brown et al. 1997; Yi et al. 1997). A thorough review on hot subdwarfs is given
by Heber (2009).
The future evolution of sdB stars is straightforward and undisputed. After
He in the core is exhausted, a short phase of He-shell burning follows, and the
star may be identified as a hotter subdwarf of O-type (sdO). The H-envelope is
too thin to sustain H-shell burning, so the star will end as a C-O white dwarf
without evolving through the asymptotic giant branch phase. The formation of
sdBs on the other hand, is still a much debated topic. Many formation channels
have been proposed such as enhanced mass loss on the RGB (D’Cruz et al. 1996),
mass loss through binary interaction (Mengel et al. 1976), and mergers of two
He white dwarfs (Webbink 1984). The relative importance of different formation
scenarios has been evaluated through binary population synthesis studies (Han
et al. 2002, 2003). While such studies are valuable, it should not be forgotten that
they are dependent on parametric descriptions of binary interaction. Detailed
mass determinations of subdwarf B stars could give important constraints on the
binary interaction mechanism. Accurate astrophysical mass determinations are
only possible under special circumstances such as in eclipsing binary systems.
Asteroseismology provides an alternative method, since it allows a detailed study
of the interior of non-radially pulsating stars. The consistency of both approaches
has been achieved for PG 1336-018, see Vucˇkovic´ et al. (2007), Hu et al. (2007,
Chapter 2), and Charpinet et al. (2008).
Subdwarf B stars show a variety of pulsations. The first sdB pulsator,
EC 14026-2647, was observed by Kilkenny et al. (1997) to pulsate in multiple
short-period modes. This prototype represents the variable class V361 Hya stars
now containing 42 rapid sdB pulsators, with periods ranging between 80-600 s.
The short-period modes have been interpreted as low radial order, low spherical
degree p-modes (Charpinet et al. 1997). The V361 Hya stars are amongst the
hotter sdB stars with effective temperatures between 28000 and 35000 and surface
gravities 5.2 < log g < 6.1. At the cooler end of the EHB, 31 sdB pulsators with
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periods between 30 min and two hours have been discovered by Green et al.
(2003). This variable class has been named V1093 Her but is also often referred
to as PG 1716+426 stars after the class prototype. The long periods suggest that
these stars pulsate in high radial order g-modes. Especially interesting are the
sdB pulsators that show both p- and g-mode pulsations. Three of these so-called
hybrid pulsators have been found at the intersection of the V361 Hya and V1093
Her stars (Oreiro et al. 2005; Baran et al. 2005; Schuh et al. 2006; Lutz et al.
2008).
The opacity mechanism operating in the Fe opacity bump around log T = 5.3
has been successfully used to explain the excitation of p- as well as the g-modes
(Charpinet et al. 1996; Fontaine et al. 2003). This opacity bump is caused by Fe
accumulation owing to the competing diffusion processes of gravitational settling
and radiative levitation. While seismic mass determinations have been achieved
for a dozen of V361 Hya stars using static envelope models (see Fontaine et al.
2008 and references therein), this is not yet the case for V1093 Her stars. The
reason is twofold, first of all the g-modes have lower amplitudes and longer pulsa-
tion periods and thus require higher precision observations and longer observing
runs to detect the frequencies. Secondly, envelope models may suffice for the
V361 Hya stars’ shallow p-modes that probe only the outer layers. However,
they are not suitable for modelling g-modes that penetrate to deeper stellar re-
gions. Stellar models with detailed information of the He-rich core are required
to predict reliable g-mode periods.
Another problem for the V1093 Her stars is the discrepancy between the
observed and theoretically predicted instability strip. The first theoretical models
that show unstable g-mode pulsations (Fontaine et al. 2003) have much lower
effective temperatures than observed with a discrepancy of ∼ 5000 K. Jeffery &
Saio (2006b) managed to place the blue edge of the instability strip within ∼1000
K of the observed blue edge. They did this by using OP opacities (Badnell et al.
2005) rather than OPAL opacities (Iglesias & Rogers 1996), and by enhancing
the Ni abundance in the envelope in addition to Fe. Thus, their work suggests
that sophisticated models including up-to-date opacities and diffusion of other
Fe-group elements are required to address the instability issue properly.
An exploratory study on how the pulsational properties of sdB stars are re-
lated to their internal structure has been carried out by Charpinet et al. (2000).
They showed that the He-H transition zone between the He-rich core and H-rich
envelope is responsible for trapping and confining g-modes in sdB stars. This is
similar to the well-known mode trapping phenomenon in compositionally strati-
fied white dwarfs (Winget et al. 1981). Mode trapping results in deviations from
the asymptotic constant period spacing, making the g-modes sensitive to the
mass of the H-envelope. Furthermore, the C-O/He transition region between the
convective and the radiative part of the core will also influence the g-mode period
distribution. This may be a new interesting way to follow the He core evolution,
which would also have implications in a broader context for horizontal branch
stars.
Here, we shall explore the sensitivity of the g-modes to certain assumptions
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about the core He flash. This energetic event characterizes the start of He ig-
nition in degenerate cores of low-mass stars (<2 M). Most stellar evolution
codes encounter numerical difficulties in calculating through this phase, and even
in successful cases uncertainties remain due to the approximative treatment of
convection. Three-dimensional hydrodynamic calculations are necessary to give
disclosure of this enigmatic phase of stellar evolution (e.g. Deupree 1996; Dear-
born et al. 2006; Moca´k et al. 2008), but these are expensive in computing time.
When many models are needed, as is the case for forward modelling, it is more
practical to construct post-flash models without following the previous evolution
in detail. One should then use the outcome of detailed studies to make the stellar
models as realistic as possible. Most simulations show that the initial flash starts
off-centre, followed by several mini-flashes moving towards the centre (e.g. Mengel
& Gross 1976). While it is generally found that most of the inner region will be
convectively mixed, there are uncertainties in the outer extent of the convective
region and the amount of He burning during the flash varying from 3% to 7%
in mass fraction (Piersanti et al. 2004; Serenelli & Weiss 2005). The edge of the
flash-induced convective region will leave a chemical composition gradient, which
we believe can cause additional mode trapping features.
We start with building zero age extreme horizontal branch (ZAEHB) models
in Section 5.2. We make an analytical fit to the H-profile in the core-envelope
transition region and examine its influence on the g-mode periods (Section 5.2.2).
The effects of uncertainties in the He flash treatment, i.e. convective mixing and
C-production, are explored in Section 5.2.3. In Section 5.3, we perform a stability
analysis on a grid of evolutionary sdB structures during the core He-burning
phase. We show the impact of the opacities and H/He diffusion on the instability
strip. The conclusions are summarized in Section 5.4.
5.2 Zero age extreme horizontal branch models
5.2.1 Approach
The stellar models were calculated using the stellar evolution code STARS (Eggle-
ton 1971; Han et al. 1994; Pols et al. 1995). The details of the input physics are
described in Hu et al. (2009, Chapter 4). By default we used OPAL opacities
(except in Section 5.3.3). The pulsational properties were calculated with the
adiabatic oscillation code OSC (Scuflaire et al. 2008) in combination with the
non-adiabatic code MAD by Dupret (2001).
Our procedure of constructing ZAEHB models is as follows: First, we take
the stellar structure model of a higher mass (2.25 M) model that ignited helium
non-degenerately. Then, we impose an artificial mass loss (10−6 M∗ yr−1) until
the remaining mass is of our choice. Finally, we let the star evolve, while slowly
changing the chemical abundances to what we want (see below), with composition
changes due to nuclear reactions and convective mixing turned off. We make sure
that the new ZAEHB model is fully converged by checking the increase in the
timestep that the evolution code gives for converged models.
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5.2.2 The He-H chemical transition profile
Commonly, one constructs ZA(E)HB models without following the previous evo-
lution. However, special care must be taken when reconstructing the stellar chem-
ical abundances. In particular, the shape of the H-profile in the core-envelope
transition zone is very important for g-modes because of the associated mode
trapping. Therefore, we first evolved a 1.00 M ZAMS model to the tip of the
red giant branch and we made a careful fit to the H-profile of the red giant (see
top panel of Fig. 5.1). We suggest a formula that fits the H-profile very well using
two third degree polynomials:
X(Mr) = 0 for Mr < M1, (5.1)
= (A(Mr −M1))3 for M1 ≤Mr < Mlink,
= (B(Mr −M2))3 +Xsurf for Mlink ≤Mr ≤M2,
= Xsurf for Mr > M2.
We found that the values A = 4400, M1 = 0.46575 M, M2 = 0.4661 M,
Mlink = M1 + 1.5× 10−4 M, and Xsurf = 0.688 give the best fitted profile. B is
then determined by the condition that the curve is continuous at Mr = M1+Mlink.
We compared our approximation to a sinusoidal profile as proposed by Sweigart
& Gross (1976) and used for ZAHB models by Jeffery & Saio (2006a). The H
abundance in the transition zone in their approximation is given by:
X(Mr) = 0.5Xsurf
[
1− cos
(
pi
Mr −M1
M2 −M1
)]
for M1 ≤Mr ≤M2. (5.2)
In the top panel of Fig. 5.1 we show both approximations, and find that our fit
gives a better representation of the red giant’s H-profile.
We constructed three ZAEHB models of mass 0.470 M, with a H-rich enve-
lope of 9×10−4 M above the He-H transition zone. In model (i) the abundances
were taken from the red giant model throughout the star. In models (ii) and (iii)
the H-profile is given by our suggested Eq. (5.1) and by the sinusoidal Eq. (5.2),
respectively. In the latter two cases we simply take Z = 0.02 with the Grevesse
& Noels (1993) metal mixture throughout the star. In case (i) there are minor
effects in the metallicity due to CNO cycling, atomic diffusion and convective
mixing in the previous evolution. Note that we have not yet accounted for flash-
induced C-production or mixing. This is to keep the comparison meaningful here.
The effects of the flash will be separately evaluated in Section 5.3.
It is well-known that in the asymptotic limit the g-mode periods are equally
spaced in the radial order n (Tassoul 1980). However, sharp features in the Bru¨nt-
Va¨isa¨la¨ frequency lead to mode trapping, which manifests itself in deviations
from the uniform period spacing. For an in-depth treatment of mode trapping in
white dwarfs, sdB stars and main-sequence stars, we refer the interested reader
to e.g. Brassard et al. (1992), Charpinet et al. (2000) and Miglio et al. (2008),
respectively. Here, it is important to realize that the period spacing between
two consecutive modes in radial order (∆Pl = Pl,n+1 − Pl,n) can be described by
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an oscillatory component superposed on the asymptotic constant period spacing.
The periodicity ∆n in terms of n, and therefore also in terms of P , is related to
the location of the chemical gradient. The amplitude of the oscillatory component
is determined by the steepness of the gradient. Trapped modes are then located
at the minima in the ∆P vs P diagram. From the asymptotic theory (Tassoul
1980) one can derive the approximative relations
∆n =
ΠH
Π0
or Pl,i+∆n − Pl,i = ΠH√
l(l + 1)
, (5.3)
with
ΠH = 2pi
2
(∫ R
rH
|N |
r
dr
)−1
and Π0 = 2pi
2
(∫ R
rc
|N |
r
dr
)−1
. (5.4)
The Bru¨nt-Va¨isa¨la¨ (BV) frequency N is given by
N2 =
GMr
r2
( 1
Γ1
d lnP
dr
− d ln ρ
dr
)
.
The integration boundary rH indicates the location of the He-H transition zone,
rc the edge of the convective core (= 0 for a ZAEHB model), and R is the total
stellar radius. The asymptotic constant period spacing is given by Π0/
√
l(l + 1).
Fig. 5.1 shows the sensitivity of the g-modes to the exact shape of the H-
profile. We plotted the period spacing ∆P against the pulsation periods P , for
the modes l = 1, 2, 3. We see that our polynomial fit to the H-profile reproduces
the g-mode spectrum of model (i) very well. In contrast, the sinusoidal H-profile
leads to a significantly different mode trapping signature. The deviations become
more distinct at higher spherical degree l and higher radial order n. Another
interesting feature can be seen in the ∆P vs P diagrams, especially for l = 3.
There are two oscillatory components in the period spacing. We see a short
periodicity in the radial order of ∆n1 = 3, modulated by a long periodicity of
∆n2 = 28. This is at first instance unexpected, since we have only one chemical
transition zone in our ZAEHB models.
Numerical integration of Eq. (5.4) for our model (ii) gives ∆n = 3 which
accounts for the short periodicity. The long periodicity, however, cannot be
explained by the above relations. To understand this effect, one should realize
that trapping occurs for a mode if the nodes of its eigenfunctions are suitably
located with respect to the BV-discontinuity. In other words, only modes with
a certain phase with respect to the discontinuity are trapped, which gives rise
to the periodicity of Eq. (5.3). In reality, the BV-discontinuity has of course a
finite width, which was not accounted for in the derivation of Eq. (5.3). Therefore,
depending on the change of phase within the BV-discontinuity, certain modes can
be trapped more efficiently than others. This gives rise to the second periodicity.
Again from Tassoul’s (1980) asymptotic theory, but now taking into account the
finite width of the BV-spike, it can be shown that by approximation (Dupret et
76
Impact of helium diffusion and helium flash induced carbon
production on gravity mode pulsations in subdwarf B stars
 0
 0.2
 0.4
 0.6
 0.8
 1
 0.46575  0.4658  0.46585  0.4659  0.46595  0.466  0.46605  0.4661
X
Mr (M⊙)
red giant H−profile
our fit
sinusoidal fit
350
300
250
200
150
100
50
0
∆ P
 (
s )
l=1
180
160
140
120
100
80
60
40
20
0
∆ P
 (
s )
l=2
120
100
80
60
40
20
0
21.81.61.41.210.80.6
∆ P
 (
s )
P (hr)
l=3
n=36 n=45 n=64
Figure 5.1: The effect of the H-profile on mode trapping. Upper panel: the H-
profile in the core-envelope transition zone. We compare the H-profile of a red giant
model (thick solid line) to our polynomial Eq. (5.1) (blue dashed line) and to the
sinusoidal Eq. (5.2) (thin solid line). The three lower panels give the period spacing
between modes of increasing radial order n as a function of the pulsation period for
the modes of spherical degree l = 1, 2, 3. We indicated with the horizontal dotted
lines the asymptotic constant period spacing.
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Figure 5.2: Normalized displacement eigenfunctions ξr (dashed line) and ξh (solid
line) as a function of the normalized stellar radius for ZAEHB model (ii). The upper
panel is for mode (l, n) = (3, 36), the middle panel for (l, n) = (3, 45), and the lower
panel corresponds to (l, n) = (3, 64), see Fig. 5.1 bottom panel. We zoom into the
He-H transition zone to show the behaviour of the eigenfunctions in the g-mode
cavity. In the close up, we also plot the H-profile (dotted line) to indicate the
extent of the transition zone.
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al., in preparation),
∆n2 =
ΠH2
Π0
with ΠH2 = 2pi
2
(∫ r2
r1
|N |
r
dr
)−1
, (5.5)
where r1 gives the radius at the inner boundary of the BV-spike and r2 is at
the outer boundary. Indeed, numerical integration of Eq. (5.5) for our model (ii)
results in ∆n2 = 28, showing that the approximative relations hold up very well.
To clarify this, it is helpful to examine the displacement eigenfunctions, ξr
(radial) and ξh (horizontal). We find that a mode is trapped when it has a node
in ξh at the bottom of the He-H transition zone directly followed by a node in ξr.
This is consistent with the findings of Brassard et al. (1992) for white dwarfs. We
plot in Fig. 5.2 for model (ii), the displacements for three trapped modes of radial
order n = 36, n = 45 and n = 36+∆n2 = 64. These have a small, large and again
small amplitude in ∆P , respectively (see Fig. 5.1). We see that mode n = 36 has
also a node in ξh at the top of the transition zone, while mode n = 45 has a node
in ξr there. We find this to be generally true and conclude that modes are more
efficiently trapped when the first node encountered in the He-H transition zone
corresponds to ξh and the last node to ξr. After ∆n2 modes, the nodes are again
suitably placed. This can be seen by comparing n = 36 and n = 64: The location
of the nodes of ξh with respect to the boundaries is approximately the same, while
for n = 64, there is one additional node in between. The interpretation of this
interesting phenomenon will the object of a forthcoming paper (Dupret et al., in
preparation).
5.2.3 The helium core flash
In the previous models we did not account for the fact that the inner core abun-
dances are in reality affected by nuclear burning and convective mixing during
the He flash. From now on, we will ‘standardly’ treat the He flash by converting
5% of the He mass fraction into C and assume that the flash-induced convection
region extends to 90% of the He-rich core (i.e. Mr = 0.42 M) as suggested by
Dearborn et al. (2006). To test the influence of nuclear burning and convective
mixing during the flash, we also constructed post-flash ZAEHB models where i)
C is increased with 3% and 7% and ii) the core is convectively mixed up to 97%
(0.45 M) and 100% (0.46575 M) of the core.
Fig. 5.3 shows the effects of the different assumptions about the He flash
on the g-mode spectrum. The upper panels indicate that increasing C in the
entire He core does not have a significant effect. There is only a minor shift to
higher pulsation periods due to a slight increase in the stellar radius, but the
g-mode spectrum remains qualitatively the same. However, if the flash-induced
C-production is not mixed through the entire core, there is an additional chemical
gradient, and thus an additional spike in the BV-frequency. This results in a
complicated mode trapping pattern in the period spacings, that depends on the
location of this spike, as shown in the middle panels of Fig. 5.3. In the lower
panels, one can see that the strength of the BV-spike is sensitive to the amount
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Figure 5.3: Effects of different assumptions about the He flash on the g-mode
spectrum of ZAEHB models. Left : the BV-frequency throughout the star in terms
of the temperature. The dashed curves are shifted upwards for visibility. Right : the
period spacing between consecutive g-modes as a function of the pulsation period.
In the upper panels the case of C-production during the flash of 5% throughout
the entire He core (solid line) is compared to the case of no C-production (dashed
line). The middle panels show the results for ZAEHB models where convective
mixing was assumed up to Mr = 0.42 M (solid line) and Mr = 0.45 M (dashed
line). In the lower panels the amount of C-production is varied from 3% (dashed
line) to 7% (solid line).
of C produced during the flash.
We emphasize that the ZAEHB models do not yet have a C-O convective
core, and thus mainly the He-H transition and the edge of the flash-induced
convective region are responsible for mode trapping in these models. The thin
He convection zone near the surface, which is visible in Fig. 5.3 as negative N2
around log T = 4.7, has only a very small effect on the g-modes.
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5.3 Evolutionary extreme horizontal branch models
5.3.1 Approach
During the EHB evolution Fe accumulates in the driving region (around log T =
5.3) due to radiative levitation (Charpinet et al. 1997; Fontaine et al. 2006). It
is reasonable to expect that other Fe-group elements, such as Ni, are similarly
affected by radiative levitation. Considering the work of Jeffery & Saio (2006b),
we included both Fe and Ni enhancement in our sdB models. We built tables
from OPAL (Iglesias & Rogers 1996) opacities where the number fraction of Fe
and Ni are enhanced with a factor f = 1, 2, 5, 10 relative to the Grevesse & Noels
(1993) metal mixture. Of course, the number fractions of the other metals are
accordingly reduced. The OPAL radiative opacities are supplemented with low-
temperature opacities (Ferguson et al. 2005) and conductive opacities (Cassisi
et al. 2007).
We increased the enhancement factor f during the EHB evolution from 1 to
10 with a Gaussian centred around log T = 5.3 (see Fig. 3.1). The opacity is then
calculated by interpolating between the opacity tables for different f . We note
that Fe/Ni accumulation is only accounted for in the opacities. This is reasonable
since the mass fractions of Fe and Ni are low even after enhancement, and these
elements are not involved in nuclear reactions. Thus, the only relevant effect of
the enhancement is in the stellar opacities. Our general approach is explained in
Hu et al. (2008, Chapter 3), with two noteworhty differences following the work
of Jeffery & Saio (2006b). First of all, as we already mentioned, Ni is enhanced
in addition to Fe. Secondly, the mass fractions of the non-enhanced metals are
kept constant, whereas in our previous work, these were reduced to keep the total
metallicty constant. Thus, in the current work the overall metallicity is increased
to Z = Zi + (fmass − 1)(XFe + XNi), where Zi is the metallicity without Fe/Ni
enhancement, fmass is the enhancement in mass fraction (which can be inferred
from our enhancement in number fraction f), and XFe+XNi are the non-enhanced
mass fractions of Fe and Ni according to the Grevesse & Noels (1993) mixture.
5.3.2 Atomic diffusion
Our models include H-He diffusion as described in Hu et al. (2009, Chapter 4).
In the presence of diffusion steep composition gradients are broadened leading
to less efficient mode trapping. This can be seen in Fig. 5.4, where we show the
same ZAEHB model evolved with and without atomic diffusion. Both models
have an EHB age of 5× 107 years. As expected, the amplitude of the oscillatory
component in the period spacing is much smaller in the case of diffusion. Because
of the lower amplitude, the effect of ∆n2 (≈ 30 in this case) is less significant,
although still visible. The mode trapping pattern is at this stage even more
complicated, because the sdB star has developed a convective core, which leads
to another BV-discontinuity (see left panel of Fig. 5.4).
In Section 5.2.2 we found an extreme sensitivity of the g-mode spectrum to
the shape of the H-profile. This shows that special care must be taken when
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Figure 5.4: Comparison of sdB models with (dashed line) and without (solid
line) atomic diffusion at an EHB age of 5 × 107 years. Panel (a) gives the H
mass fraction throughout the star as a function of the stellar interior temperature.
Panel (b) shows the BV-frequency against the temperature. The dashed curve
is shifted upwards to avoid overlapping. The three BV-spikes from left to right
correspond to 1) the boundary of the convective core, 2) the edge of the flash-
induced mixing region (small spike), and 3) the He-H transition zone. Panel (c)
shows the period spacing vs the period, illustrating the mode trapping caused by
the chemical transitions.
82
Impact of helium diffusion and helium flash induced carbon
production on gravity mode pulsations in subdwarf B stars
modelling the He-H transition. However, as atomic diffusion tends to wash away
the differences in the initial chemical profiles, the significance of modelling the
H-profile very precisely becomes less for evolved models.
Another interesting effect of He settling is the disappearance of the He con-
vection zone, as can be seen in the left panel of Fig. 5.4. The negative N2 around
log T = 5.3 corresponds to the Fe surface convection zone. Note that the Fe con-
vection zone was not present in our ZAEHB models, since our models accumulate
Fe during the evolution. It is not expected that the surface convection zones have
a significant effect on the g-mode periods, because of the small contributions of
the surface layers to the weight function (see Fig. 9 of Charpinet et al. 2000).
5.3.3 Stability analysis of a grid of sdB models
The previous models all have a mass of 0.470 M. For a stability analysis, we
constructed models of varying mass so that the observed V1093 Her log g−log Teff
region is mapped. We computed sdB models with a fixed core mass defined as
before at 0.46575 M, and envelope masses: 2.5× 10−4, 5.5× 10−4, 1.25× 10−3,
2.25× 10−3, 4.25× 10−3, 6.25× 10−3, and 8.25× 10−3 M. To make the models
as realistic as possible, we took the abundances from the red giant model at the
tip of the RGB. The inner 0.42 M of the core is assumed to mix during the He
flash and C production is taken to be 5%.
It is well-known that mode excitation is very sensitive to the stellar opacities.
Thus, we also constructed opacity tables with OP opacities using OP server
(Badnell et al. 2005; Seaton 2005). For a fair comparison we obtained OP tables
for the same metal mixture as OPAL (i.e. Grevesse & Noels 1993). Because the
maximum temperature for OP opacities is log T = 8, we use OPAL opacities for
He-burning regions that are enriched in C and O.
Fig. 5.5 gives the evolutionary tracks in the log g− log Teff computed with OP
opacities. The tracks for OPAL overlap these, thus the differences between OP
and OPAL opacities have negligible effect on the global evolution. The structure
models for which we calculated non-adiabatic pulsational properties, are repre-
sented with circles. The time interval between the pulsation models is 107 years.
Fig. 5.6 shows the instability strip of our models using OPAL opacities (up-
per panels) and OP opacities (middle panels). Consistent with previous studies
(Jeffery & Saio 2006b, Miglio et al. 2007) we find that with OP opacities unstable
modes are found in hotter stars than with OPAL opacities. This is related to the
strength and location of the Fe-group opacity bump in terms of the temperature.
For OP opacities this bump is slightly larger and occurs at higher temperatures,
see Seaton & Badnell (2004). The thermal relaxation time (τth = cV T∆m/L∗)
in the driving region, i.e. around the opacity bump, is then large enough for ef-
ficient driving of the g-modes. This is because the opacity driving mechanism
works most efficiently on modes with periods comparable to τth. Secondly, only
high-order g-modes (with long periods) can be excited as low-order g-modes are
subject to significant radiative damping. The same phenomenon occurs in SPB
stars (Dziembowski et al. 1993; Dupret et al. 2008).
Interestingly, the blue edge of the l = 3 instability strip of our sdB models with
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Figure 5.5: Evolutionary tracks of our sdB models in the log g− log Teff diagram.
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0.474 M. It is assumed that 5% of C is produced during the flash and the inner
region is convectively mixed up to 0.42 M. The circles indicate the models used
for the stability analysis. The dotted box shows the region in which V1093 Her
stars have been observed.
OP opacities corresponds to the observed blue edge of the V1093 Her variables at
log Teff = 4.47. After the work of Jeffery & Saio (2006a,b), we have now identified
another possible step in solving the ‘blue edge problem’. A better match between
the theoretical and observational instability strips can be found by including
atomic diffusion: He settles and H diffuses outwards. The envelope’s mass density
decreases and the opacity bump at log T = 5.3 moves inwards of the star because
of |dT/dr| ∝ κρ. This is towards regions with a longer thermal relaxation time,
and as we explained before, modes with longer pulsation periods can now be
efficiently driven. These are high-order g-modes for which no significant radiative
damping occurs. Indeed, for a grid evolved without H/He diffusion and with OP
opacities (lower panels of Fig. 5.6), we find the same blue edge as Jeffery &
Saio (2006b), i.e. log Teff = 4.45 for l = 3 modes. Ni enhancement is still an
essential ingredient though, as we checked for models with only Fe enhancement,
see Table 5.1. We conclude that in addition to Fe/Ni enhancement and OP
opacities, H/He diffusion needs to be included in order to predict the observed
V1093 Her instability region. Observations confirm the effect of settling, for
most sdB stars are He deficient with log[N(He)/N(H)] ∼ −2 (Saffer et al. 1994;
Heber & Edelmann 2004). In reality, the effect of He settling might be less
efficient than in our models, because of counteracting processes such as weak
stellar winds (Unglaub & Bues 2001), turbulent mixing and radiative levitation
(although found to be small for He, see Michaud & Richer 2008).
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Figure 5.6: Pulsation periods of stable (×) and unstable (+) modes as a function
of the effective temperature. The upper panels are for sdB models computed with
OPAL opacities and the middle panels are for OP opacities. In the lower panels
we show the results for OP opacities if H/He diffusion is not included. In all three
cases, the abundances of Fe and Ni are increased around log T = 5.3 up to a factor
10 in number during the evolution.
Table 5.1: Blue edge in terms of log Teff of the g-mode instability strip for our
sdB models. The results for the first three assumptions are also shown in Fig. 5.6.
Fe Ni H/He- opacity l
diffusion 1 2 3 4
yes yes yes OPAL 4.34 4.38 4.41 4.43
yes yes yes OP 4.41 4.45 4.47 4.48
yes yes no OP 4.38 4.43 4.45 4.47
yes no yes OP 4.35 4.39 4.42 4.44
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5.4 Conclusions
Details of chemical transitions in subdwarf B stars have a considerable influence
on the period spacings of high order g-modes. This is a signature of mode trap-
ping that occurs due to discontinuities in the BV-frequency. We have shown that
the structure of mode trapping depends sensitively on the exact shape of the
H-profile in the core-envelope transition zone. Thus, when constructing ZAEHB
models without following the previous evolution, the chemical profiles must be
modelled carefully. Since the action of mode trapping is so sensitive to the shape
of the chemical transition, it is necessary to include atomic diffusion during the
evolution, i.e. the processes of gravitational settling, temperature and concentra-
tion diffusion.
Furthermore, if the sdB star started He-fusion with a dynamical He flash, the
inner part of the core is convectively mixed and C is produced up to ∼7%. The
edge of the flash-induced convective core is accompanied by a chemical transition.
We showed that this can cause additional mode trapping features resulting in a
complicated behaviour of the period spacings. Multiple composition gradients
lead to simultaneous mode trapping at different regions. The g-mode spectra
become very complicated, and it will be difficult to directly infer detailed infor-
mation about the composition gradients from observed g-modes. It is therefore
crucial to evaluate the importance of different physical processes, and to account
for them realistically, as we do here.
Finally, and perhaps most importantly, we report on a possible step forwards
in solving the ‘blue edge problem’ of the V1093 Her instability strip. Our evo-
lutionary sdB models with (i) OP opacities, (ii) including H/He diffusion and
(iii) a parametric Fe/Ni enhancement, show unstable l ≤ 3 g-modes for effective
temperatures up to 30, 000 K. This is only achieved if all three ingredients are
included in the computations. It should be noted that it is still unclear which
l-values the observed long-period pulsation modes have. Thus, although we have
demonstrated the importance of H/He diffusion, solving the blue-edge problem ef-
fectively will require mode identification, next to a realistic treatment of radiative
levitation and other transport mechanisms.
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METHODOLOGY FOR PHOTOMETRIC MODE IDENTIFICATION
OF SUBDWARF B STARS
Abstract: We present an adapted version of the photometric mode
identification method of Dupret et al. (2003) for the application to pul-
sating subdwarf B stars. The method is thoroughly explained there,
so we only briefly recall the important points of the approach. We
discuss our derivation of limb darkening coefficients from stellar atmo-
sphere models in some detail. An application to the rapidly pulsating
sdB star in the eclipsing binary PG 1336-018 is provided. Our pre-
liminary mode identification of l = 2 for the period 173.69 s is in
agreement with a previous, independent result obtained by Charpinet
et al. (2008).
6.1 Introduction
An essential aspect of asteroseismology is mode identification, i.e. the determina-
tion of a mode’s spherical degree l. Seismic solutions obtained solely by matching
periods are often degenerate in the large parameter space of stellar models. Luck-
ily, the value of l can be derived/constrained by means of spectroscopic line profile
variations or photometric amplitude ratios and phase differences. The principle of
mode identification methods is based on the influence of the perturbations (of the
stellar surface, effective temperature, and surface gravity) on the observed light
at different wavelengths. The wavelength dependence is sensitive to the value of
l. Thus by measuring the magnitude variation at different wavelengths (e.g. in
different photometric filters), l can in principle be inferred. In this work, we fo-
cus on the potential of photometric mode identification for pulsating subdwarf B
(sdB) stars.
Theoretical amplitude ratios for sdB stars have been derived by Ramachan-
dran et al. (2004) in the adiabatic approximation. Randall et al. (2005) improved
this by performing non-adiabatic pulsation calculations on the so-called second
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generation stellar models by Charpinet et al. (1997), which are static envelope
models with a diffusive equilibrium profile of Fe. In this work, we develop our
own independent approach, by carrying out non-adiabatic calculations on our
evolutionary sdB models as described in the previous Chapters.
The advanced mode identification method developed by Dupret et al. (2003)
differs from previous methods in the literature in that it includes a detailed non-
adiabatic treatment of the response of the atmosphere to the stellar oscillations.
It takes this response into account in the mode identification for the particular
case of main sequence stars. Our ultimate goal is to develop a similarly advanced
method based on their work but for pulsating subdwarf B (sdB) stars. Here we
present a first step towards achieving this. We adapted the Dupret et al. (2003)
method by considering appropriate sdB atmosphere models in the calculation of
the amplitude ratios. Moreover, we tuned the limb darkening law to such stars.
At this stage, we are not yet able to make full use of the detailed treatment
of the atmosphere, because the stellar evolution code that we use (stars by
Eggleton 1971) assumes a grey atmosphere for the outer boundary condition. As
a next step beyond this work, we plan to incorporate the appropriate boundary
conditions from non-grey model atmospheres for full consistency. Our approach
will be very useful in the not too far future in the framework of planned dedicated
multicolour campaigns of subdwarf B stars to be performed with the new camera
maia (Mercator Advanced Imager for Asteroseismology) to be attached to the
1.2m Mercator telescope at La Palma by the Leuven asteroseismology team.
6.2 Non-adiabatic amplitude ratio predictions
6.2.1 The general method
Stellar pulsations are accompanied by perturbations in effective temperature and
surface gravity. These cause variations in the outwards monochromatic flux ~F .
In the linear approximation, we have
δF (λ)
F (λ)
=
[∂ lnF (λ)
∂ lnTeff
]δTeff
Teff
+
[∂ lnF (λ)
∂ ln g
]δg
g
≡ αT (λ)δTeff
Teff
+ αg(λ)
δg
g
.
Similarly, the monochromatic limb darkening h is affected
δh(λ)
h(λ)
=
[∂ lnh(λ)
∂ lnTeff
]δTeff
Teff
+
[∂ lnh(λ)
∂ ln g
]δg
g
+
[∂ lnh(λ)
∂µ
]
δµ,
where µ = cos γ, with γ being the angle between the line of sight and the normal
to the stellar surface. The limb darkening effect is expressed as h(µ) = I(µ)/I(1),
which gives the specific intensity normalized to the specific intensity at the centre
of the stellar disk (see Fig. 6.1).
Pioneering work on the theory of monochromatic magnitude variations of non-
radially pulsating stars has been done by e.g. Dziembowski (1977), Stamford &
Watson (1981), Watson (1988), and Heynderickx et al. (1994). From their work,
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Figure 6.1: The geometry of limb darkening. If the observer O is far away, then
γ ≈ γ′ and we have the coordinate µ = cos γ and the radial coordinate r = sin γ
(normalized to the stellar radius).
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it follows that the variation of the monochromatic magnitude, as seen by an
observer at an inclination angle i with the stellar axis, is given by
δm(λ, t) = − 2.5
ln 10
APml (cos i)bl(λ)
×
[
(1− l)(l + 2)eiσt + fT ei(σt+ψT )(αT (λ) + βT (λ))
+fge
i(σt+ψg)(αg(λ) + βg(λ))
]
, (6.1)
where A is the normalized amplitude of the surface radial displacement, σ is the
angular frequency of the variation, and the following expressions are related to
the limb darkening effect:
bl(λ) ≡
∫ 1
0
h(λ, µ)µPldµ, βT (λ) ≡ ∂ ln bl(λ)
∂ lnTeff
, βg(λ) ≡ ∂ ln bl(λ)
∂ ln g
.
The values fT and ψT give the amplitude and phase of the effective temperature
variation, and fg and ψg give the amplitude and phase of the surface gravity
variation. To good approximation the gravity perturbation is in antiphase with
the radial displacement, i.e. ψg = pi. Further, Pl is a Legendre function, and
Pml is the associated Legendre function. The different terms in Eq. (6.1) repre-
sent the different effects that can cause a variation in the magnitude: the term
proportional to (1 − l)(l + 2) is the contribution by the geometrical distortion
of the stellar surface, the term with fT expresses the influence of the variation
in effective temperature, and the term with fg is related to the variation in the
surface gravity.
In multicolour photometry, what is actually observed is the integral of the
monochromatic magnitude over a filter’s response function R(λ):
δmfilter =
∫ λf
λi
δm(λ)R(λ)dλ∫ λf
λi
R(λ)dλ
, (6.2)
with the wavelength range of the filter between λi and λf . By evaluating am-
plitude ratios, the wavelength independent factors in Eq. (6.1) are eliminated
(i.e. normalization A, inclination i, time dependence eiσt). We find then for a
certain pulsation mode l, the ratio of magnitude variation amplitudes in filter a
with respect to filter b:
δma
δmb
=
bl,a[(1− l)(l + 2) + fT eiψT (αT,a + βT,a)− fg(αg,a + βg,a)]
bl,b[(1− l)(l + 2) + fT eiψT (αT,b + βT,b)− fg(αg,b + βg,b)] , (6.3)
where the subscripts a and b denote integration over the filter response like in
Eq. (6.2). The calculation of the coefficients bl, α and β can be simplified by in-
terchanging the derivative to Teff or g with the integration over the filter response,
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e.g. :
αT,a =
∫ λf
λi
∂ lnF (λ)
∂ lnTeff
R(λ)dλ∫ λf
λi
R(λ)dλ
=
∂
∂ lnTeff
∫ λf
λi
lnF (λ)R(λ)dλ∫ λf
λi
R(λ)dλ
6.2.2 Implementation
Now let us evaluate how the different terms in Eq. (6.3) were obtained by us:
1. The quantities fT , ψT and fg depend on the stellar model and the spherical
degree l. We calculated them for l ≤ 4 with the non-adiabatic oscillation
code mad by Dupret (2001). We used the stellar evolution code stars
(Eggleton 1971) to construct the stellar model, as explained in previous
Chapters.
2. The filter’s response functions R(λ) depend on the observational specifi-
cations. We focus on the case that the observations were obtained with
ultracam in the sdss filters u′, g′ and r′ (Fukugita et al. 1996), as is the
case of PG 1336−018 by Vucˇkovic´ et al. (2007).
3. The coefficients bl, α and β are derived from a grid of stellar atmosphere
models developed specifically for PG 1336-018 in the framework of the line
profile analysis performed by Vucˇkovic´ et al. (2009). The fully metal line
blanketed LTE model atmospheres were computed with the code by Heber
et al. (1984), and the model spectra were obtained with a version of linfor
by Lemke (1997). The grid covers 30, 000 ≤ Teff(K) ≤ 40, 000 (steps of
2, 500 K), 5.5 ≤ log g ≤ 6.25 (steps of 0.25), and log[nHe/nH] = −3. While
the atmosphere models have solar metallicity, the synthetic spectra were
calculated for log[Z/Z]= −2 in order to match the observed spectrum
of PG 1336−018 better. The α-coefficients can be directly calculated by
interpolation in the atmosphere grid, but for the other coefficients we first
need to derive the limb darkening law. We explain our method of computing
limb darkening coefficients in the next Section.
After having obtained the necessary quantities, we used the code photmodeID
written by Joris De Ridder and also used by Dupret et al. (2003) to interpolate
in the atmosphere models and compute the required derivatives.
6.2.3 The limb darkening coefficients
The computation of the terms bl and β in Eq. (6.3) is simplified by using an ana-
lytic expression of the limb darkening effect. We use the non-linear law proposed
by Claret (2000):
h(µ) = 1− a1(1− µ1/2)− a2(1− µ)− a3(1− µ3/2)− a4(1− µ2). (6.4)
By fitting this law to the specific intensities of an atmosphere model, the coeffi-
cients a1, a2, a3 and a4 can be found. As shown by Heyrovsky´ (2007), the method
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of fitting is important for the accuracy of the limb darkening law. Therefore, we
apply his suggested fitting method. First, we make a cubic spline interpolation to
the discrete specific intensity points (at 10 values of µ) of the atmosphere model.
Then we transform to the radial coordinate r ≡ sin γ = √1− µ2, and minimize
the sum over the squared residuals:
χ2 =
n∑
i
(h(ri)− h′(ri))2,
where we have set n = 1000, h is given by Eq. (6.4) and h′ is the interpolated
curve. Heyrovsky´ (2007) showed that weighing the quality of the fit in terms of r
yields better flux conservation, because weighing in µ gives a strong bias towards
fitting the stellar limb. To obtain the best fit, we use the genetic algorithm routine
pikaia (Charbonneau 1995). A genetic algorithm is a heuristic search technique
that uses the principles of biological evolution in a computational setting. It is
convenient for solving an optimization problem with a large parameter space.
Although we allow all four parameters to vary, we generally find good fit with
only a1 and a2 non-zero, which confirms the validity of the square root law for
hot stars (e.g. Diaz-Cordoves & Gimenez 1992).
In Fig. 6.2, we show as an example the specific intensity profile in the u′ filter
of an atmosphere model with Teff = 32, 500 K and log g = 5.75. We plotted
the original points together with the interpolation and the fit obtained with the
genetic algorithm. The quality of matching is very good and similar for other
filters and atmosphere model parameters. One can see that our fit is less accurate
near the stellar limb (µ = 0). For the atmosphere point closest to the limb
(µ = 0.016), the deviation is 4.5%, while the other nine points lie within 1%
of the fitted limb darkening law. The root mean squared percentage error is
1.4%. This is because the quality of the fit was weighted with respect to r, thus
the points near the limb do not contribute much to χ2. Perhaps, the fit can
be improved by using different input parameters in the genetic algorithm or an
other fitting method, but it remains to be seen whether such a small deviation is
important for the amplitude ratios.
6.3 Application to PG 1336−018
We applied the above explained method of photometric mode identification to the
interesting system PG 1336−018, which we started our research with in Chapter
2. This eclipsing binary contains a rapidly pulsating sdB star of the V361 Hya
type. Vucˇkovic´ et al. (2007) presented three possible orbital solutions, of which
their Model II is consistent with the seismic solution proposed by Charpinet
et al. (2008). Using stars, we constructed a theoretical subdwarf B model with:
Teff = 32, 000 K, log g = 5.76, M = 0.466 M, and R = 0.15 R. This model
comes very close to Model II of Vucˇkovic´ et al. (2007). The assumptions in our
stellar model are: i) Z = 0.02, ii) H-He diffusion, iii) OPAL opacities with Fe
and Ni accumulation around log T = 5.3, (iv) the sdB star experienced a core
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Figure 6.2: The specific intensity profile integrated over the response of the u′
filter, for an atmosphere model with Teff = 32, 500 K and log g = 5.75. The profile
is given as function of the radial coordinate r (upper panel) and the coordinate µ
(lower panel). The original discrete values of the atmosphere models are marked
by the 10 crosses. The solid red curve shows the interpolation using cubic splines,
and the dotted blue line is our fit obtained with the Claret (2000) limb darkening
law using the genetic algorithm pikaia (Charbonneau 1995). In the upper panel
we also show the fits for the other filters: dot-dashed going up from g’ to r’.
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Figure 6.3: The spectroscopic estimations (boxes) of Teff and log g of PG
1336−018 together with our theoretical model (circle) and its evolutionary track
starting at the ZAEHB. The solid error box is from the system’s discovery paper by
Kilkenny et al. (1998), the dotted box is the estimate obtained by Vucˇkovic´ et al.
(2007) (log g from the orbit solution), and the dashed box gives the spectroscopic
values favoured by Charpinet et al. (2008).
helium flash1, and (v) the H-profile in the core-envelope transition region is given
by Eq. (5.1) with the transition starting at Mr = 0.4659 M. We refer to the
previous Chapters for more specific information on the stellar evolution code, and
our method of constructing stellar models.
Fig. 6.3 shows the theoretical sdB model and its evolutionary track in the
log g− Teff . We also indicated the different observational 1− σ error boxes found
by different authors. Our model has an age 1.1× 108 years starting from the zero
age extreme horizontal branch (ZAEHB).
We computed the non-adiabatic pulsation modes, and subsequently the theo-
retical amplitude ratios for the four pulsation periods listed in Table 2 of Vucˇkovic´
et al. (2007). For each spherical degree 0 ≤ l ≤ 4, we chose the mode with the
theoretical period closest to the observed value. This is not necessarily a good
period match (see Table 6.1), and it could be improved by considering more mod-
els. However, we only wish to develop a general approach here, and improvements
will be made in a future work. It is worth mentioning that all these periods cor-
respond to unstable modes in our model. In Fig. 6.4, we give the theoretical
amplitude ratios together with the observational ratios (also from Vucˇkovic´ et al.
2007, Table 2). We choose g′ as the reference filter, because the observational
error of the amplitudes is the smallest in that filter.
Before discussing our results, we caution the reader that we do not present a
1The treatment of the helium flash is described in Chapter 5.
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unique mode identification at this point. We have only computed one theoret-
ical stellar model; a complete asteroseismic analysis would require a parameter
study on a series of models within the observational error box. Furthermore,
the observed amplitude ratios have been derived from a dataset that suffers from
unresolved periods. Therefore, our results should only be considered as an inter-
esting test case and as an example of the methodology.
The acceptability of a mode identification can be expressed in terms of χ2,
which for the simple case of three filters reduces to:
χ2 =
1
2
[(au′/ag′)2
σ2u′/g′
+
(ar′/ag′)
2
σ2r′/g′
]
where likely results should have χ2 ≈ 1. In Table 6.1, we give the χ2 of the best
matches between observed and theoretical ratios. For the first period (P = 184 s),
we find no good agreement with any of the theoretical predictions. This could be
because this specific period is probably the result of seven closely spaced periods
(Vucˇkovic´ et al. 2007). Hence, its amplitude ratio does not correspond to one
single mode and it should not be directly compared to the theoretical ratios. The
observed amplitude ratios of the second period (P = 179 s) falls quite nicely
on the l = 4 ratios. This would be interesting, since most seismic solutions of
sdB stars have been obtained by matching the observed periods with theoretical
periods of l ≤ 3 modes. However, it has been argued that if the geometrically
disfavoured l = 3 mode can be observed, the degree l = 4 should certainly be
observable as well (see e.g. Jeffery et al. 2005). The third period (P = 141 s)
corresponds to l = 2 according to our results. For the last period (P = 174 s),
we could tentatively conclude that it belongs to an l = 1 mode.
Table 6.1: The best and second best matches between theoretical and obser-
vational amplitude ratios for each of the four periods. For the best match, the
theoretical period of the corresponding mode is also given.
Pobs(s) Pth(s) l χ
2 l χ2
184.16 180.54 2 12 1 52
179.21 164.16 4 0.76 0 11
173.69 180.54 2 1.3 1 2.9
141.31 146.25 1 1.3 0 2.9
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Figure 6.4: Theoretical (lines) and observed (error bars) amplitude ratios for
PG 1336−018. The observed values were taken from Vucˇkovic´ et al. (2007).
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6.4 Conclusions
We described the methodology of photometric mode identification, particularly
tuned to sdB stars. The general approach is from Dupret et al. (2003), but we
deviate from their work by using sdB stellar interior and atmosphere models, and
SDSS photometric filters. Furthermore, we made an effort to derive the limb
darkening law very accurately from synthetic spectra appropriate for sdB stars.
The photometric ratios of the magnitude variations are calculated by performing
non-adiabatic pulsation calculations on an evolutionary subdwarf B model.
As an illustration of the method, we investigated the case of PG 1336−018.
We compared our theoretical amplitude ratios to the observational values ob-
tained by Vucˇkovic´ et al. (2007), and suggest a preliminary mode identification.
Since at this stage both the theoretical and the observed ratios are subject to un-
certainties, we cannot make definite conclusions. Only one of the periods found
by Vucˇkovic´ et al. (2007) in their unresolved VLT/ULTRACAM data is also
(exactly) present in the datasets from the Kilkenny et al. (2003) Whole Earth
Telescope Campaign. Interestingly, we identify this P = 173.69 s periodicity as
l = 2, which is consistent with the mode identification by Charpinet et al. (2000)
based on period matching.
The work presented here is a necessary step towards non-adiabatic astero-
seismology of subdwarf B stars, which has as goal to constrain stellar models
and input physics from the observed pulsation periods. We plan to develop the
method further so we can perform accurate and dedicated asteroseismic analyses
of observed pulsating sdB stars in the near future. For the time being, the avail-
able observed amplitude ratios are of too poor quality to help constrain the input
physics of the models. Improving this situation is only feasible from multicolour
photometric monitoring during several weeks, which is exactly the purpose of the
dedicated maia camera. With the theoretical work presented in this thesis, we
are fully equipped to exploit such future data.
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CONCLUSIONS AND PROSPECTS
In this thesis, we have studied the evolutionary and pulsational behaviour of
the subdwarf B (sdB) stars. Understanding their formation and evolution would
improve our knowledge of stellar physics and binary evolution; their pulsations
provide us with a way to achieve this. This work concentrated on the theoretical
aspects of the problem. In a combined effort together with the observation-
ally orientated PhD thesis by Maja Vucˇkovic´ (2009), we presented a complete
methodology for asteroseismology of sdB stars.
We started in Chapter 2 with a detailed evolutionary study of the interesting
binary system PG1336−018, regarded as the Rosetta Stone of pulsating sdB stars.
This system is unique as it is the only known eclipsing binary that contains an
sdB pulsator. The special circumstances allow independent determinations of the
sdB mass, either through asteroseismology (Charpinet et al. 2008) or through the
orbital solution (Vucˇkovic´ et al. 2007). Furthermore, the narrow orbit implies
that the system went through a common-envelope phase. We backtracked the
evolution of this system by evaluating two different descriptions of the common-
envelope phase, based on either parametrization of the energy equation or the
angular momentum equation. Although it is commonly thought that sdB stars
are the products of a core helium flash, we showed that the angular momentum
parametrization does not rule out a more massive progenitor that ignited helium
quiescently, i.e. under non-degenerate circumstances. Two of the three possible
orbital solutions presented by Vucˇkovic´ et al. (2007) are compatible with the
energy parametrization, while all three are allowed in the angular momentum
description.
In Chapter 3, we continued exploring the possibility of non-degenerate helium
ignition in subdwarf B stars, that has been so far neglected in pulsational stud-
ies. We found that the two scenarios (flash vs non-degenerate ignition) can lead
to sdBs with exactly the same effective temperature and surface gravity, which
are the observables obtained by conventional spectroscopy. We then raised the
question whether the observed short-period pulsations can be used as a discrim-
inator. By crossmatching the pulsation frequencies of a grid of post-flash with a
grid of flashless models, we deduced that the frequencies indeed have a discrim-
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inating power, especially if there are constraints from mode identification and
spectroscopy.
We improved the input physics in our stellar models in Chapter 4, by including
atomic diffusion, up-to-date stellar opacities, stellar mass loss prescription, and
nuclear reaction rates. In particular, gravitational settling turned out to have
strong effects. As helium atoms tend to sink and hydrogen atoms tend to float
towards the surface, the star’s structure will change and correspondingly the
pulsation frequencies. The star will have a larger radius and a lower effective
temperature. As a consequence, the pulsation frequencies will generally be lower.
We showed the effect to be the most severe for the flashless sdB stars. This is
because they have a lower hydrogen fraction in their outer layers, but extending to
deeper stellar regions, so the upwards floating of hydrogen changes their structure
and pulsations more drastically.
In Chapters 2 to 4, we focused on the short-period pressure mode oscillations.
In Chapter 5, we turned our attention to the long-period gravity modes also ob-
served in sdBs. At this stage, the observational precision for g-mode frequencies
is too low for a detailed asteroseismic analysis. However, it is anticipated that
space telescopes, such as the recently launched Kepler mission, will improve the
frequency and amplitude precision by up to a factor 100. Therefore, it is essential
that we have appropriate theoretical models ready when the data becomes avail-
able. The g-modes propagate to deeper regions and provide excellent diagnostics
for inferring physical processes in the deep interior. Therefore, we investigated
the sensitivity of the g-modes to the chemical compositional stratification left by
the helium flash. Steep chemical gradients lead to mode trapping phenomena,
which give shifts in the pulsation periods. We showed that this may provide a new
and interesting way to examine the details of what happens during the helium
flash. Furthermore, we proposed a solution to the so-called ‘blue-edge’ problem
of the instability strip that has troubled the theory so far, in that the previous
theoretical models that show unstable g-modes had effective temperatures lower
than what is observed. We found that, by including atomic diffusion, the dis-
crepancy is solved. The fact that we found unstable modes in hotter models is
related to the outward diffusion of hydrogen and the decrease in the mass density
of the surface layers.
In Chapter 6, we lay the groundwork for non-adiabatic photometric mode
identification of subdwarf B stars. We combined and adapted different existing
codes and methods, in order to predict accurate theoretical amplitude ratios. As
an example, we presented an application to the system we started this thesis work
with: PG 1336−018. Our preliminary mode identification is consistent with the
result obtained through frequency matching by Charpinet et al. (2008).
The methodology presented in this thesis paves the way for non-adiabatic
asteroseismology of subdwarf B stars based on realistic stellar models. We have
improved different aspects of the input physics in our models and shown their
significance, although they are commonly neglected so far in the study of these
pulsators. Still, as always, there is room for improvement. One of the urgent
problems we plan to tackle is the inclusion of radiative levitation in the stellar
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evolution calculations. All the current models either neglect this process or use
an approximation (as we have done in the presented work). However, it is the
competition between gravitational settling and radiative levitation of the metals
that is responsible for the opacity bump which drives the pulsation. It is clear
that, eventually, we need to overcome the (numerical) difficulties of the problem
and include this process consistently, just as we have done for atomic diffusion
(i.e. gravitational settling, thermal and concentration diffusion).
Another area where improvement is desirable, is in the boundary conditions
of the stellar evolution code stars. Currently, the code uses the assumption of
a grey (i.e. wavelength independent) atmosphere, which implies that the surface
parameters of a computed stellar model are not entirely consistent with the non-
grey atmosphere models used in the calculation of photometric amplitude ratios.
The non-adiabatic oscillation code mad can treat the response of the atmosphere
to the stellar oscillations in detail, contrary to other oscillation codes. However, to
make use of this important advantage, we first need to compute the stellar models
with the proper boundary condition imposed by non-grey atmospheres models.
We plan to make this adjustment so we can further improve the accuracy of the
computed eigenfunctions.
In addition, we shall use our non-adiabatic results to simulate line profile vari-
ations based on sdB intensity grids (e.g. from Heber et al. 2000 or Jeffery et al.
2001), which will provide another way of mode identification besides the photo-
metric amplitude method discussed in Chapter 6. This will constitute an appre-
ciable improvement compared to the line profile computations done by Vucˇkovic´
et al. (2009), where an adiabatic approximation of the eigenfunctions had to be
used by lack of a better description. So far, line profile computations for pulsating
sdB stars are based on adiabatic eigenfunctions, sometimes using and ad-hoc pa-
rameter to approximate the non-adiabatic character of the pulsation. Our work
will allow us to make a fully consistent non-adiabatic line profile analysis for
pulsating sdB stars.
Our future plans also concern a better treatment of the binary nature of
subdwarf B stars, which is possible thanks to the binary evolution calculations
incorporated in stars. In this work, we imposed a fast mass loss so that the
interior does not change significantly (except to regain hydrostatic equilibrium).
This is expected in the case of common-envelope ejection. The case of stable
roche lobe overflow, and thus slow mass transfer, should not result in significantly
different interior structures, except in the thickness of the remaining hydrogen
envelope. However, the case of two helium white dwarfs that merge into a single
sdB star is fundamentally different. It would be interesting to find out if this
difference is visible in the pulsations. Modelling through a hydrodynamical stellar
merger is computationally a very expensive and difficult process. However, the
structure of a merger product can be approximated by using the principle of
‘entropy sorting’, where the highest entropy material sinks while gas with low
entropy floats (Lombardi et al. 2002; Gaburov et al. 2008). This method has
been used in combination with the stars code by Glebbeek et al. (2008) to
compute mergers of main-sequence stars. We shall investigate if the method can
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be applied to white dwarf mergers, and if so, derive the pulsational properties of
a merger product that results in a single sdB star.
To complete our work, we shall compute a comprehensive grid of novel sdB
structure models, covering the parameter space of observed sdB stars, that can
readily be compared to the observations (frequencies and mode identification).
The methods developed in this thesis and in the PhD thesis by Maja Vucˇkovic´
(2009) enable this comparison. We have then completed the process illustrated
in the context diagram (Fig. 1.4) of Chapter 1, and we will finally have all the
means to unravel the mysteries of the enigmatic sdB stars.
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Een terugblik op de evolutie van subdwerg B sterren via
asteroseismologie
Dit proefschrift presenteert een studie van pulserende subdwerg B sterren geba-
seerd op nieuwe, zorgvuldig geconstrueerde stermodellen. Het ontstaan van deze
sterren kan ons veel leren over het gedrag van dubbelstersystemen en de fysica van
sterren in het algemeen; hun trillingen bieden ons een natuurlijke manier om deze
kennis te bemachtigen. Ik zal beginnen met een korte beschrijving van de evolutie
van een ster, van geboorte tot dood. Dan bespreek ik enkele open vragen en de
rol die asteroseismologie kan spelen in het vinden van de antwoorden. Daarna
leg ik uit wat subdwerg B sterren zijn en waarom deze sterren zo interessant zijn.
Tenslotte vat ik de verschillende hoofdstukken van het proefschrift kort samen.
Het leven van een ster
Sterren worden geboren in grote interstellaire wolken bestaande uit voornamelijk
moleculair waterstof. Een kleine verstoring kan ervoor zorgen dat de enorme
moleculaire wolk fragmenteert. Door de zwaartekracht trekken de verschillende
fragmenten samen tot gasbollen. De dichtheid en temperatuur in het centrum van
een gasbol lopen op, totdat deze hoog genoeg zijn voor kernfusie. Vier waterstof-
atoomkernen fuseren (in een aantal tussenstappen) tot e´e´n helium atoomkern, die
een kleinere massa heeft dan de som van zijn bouwstenen. Het verschil in massa
levert een gigantisch hoeveelheid energie op, die door de nieuw geboren ster wordt
uitgestraald. De kernfusie zorgt voor een enorme gasdruk in het binnenste van de
ster, terwijl de druk naar buiten toe daalt. De drukgradie¨nt levert een drukkracht
op die de samentrekkende zwaartekracht balanceert: de ster is in hydrostatisch
evenwicht.
Deze fase van waterstoffusie in een sterkern noemen we de hoofdreeks-fase, en
die beslaat ongeveer 90% van de totale levensduur van een ster. Het is daarom
niet verwonderlijk dat het overgrote deel van de sterren die we zien, waaronder
de Zon, hoofdreeks-sterren zijn. Aan het einde van de hoofdreeks-fase is alle
waterstof in de sterkern omgezet in helium. Zonder kernreacties neemt de gasdruk
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af, de zwaartekracht krijgt de overhand, en de sterkern trekt samen. Net buiten
de sterkern is er nog wel waterstof en de fusie gaat door in een schil om de kern.
Terwijl de sterkern samentrekt en steeds heter wordt, zet de buitenste laag van
de ster enorm uit onder invloed van de steile temperatuursgradie¨nt. De straal
kan tot honderden keer groter worden dan tijdens de hoofdreeks-fase: de ster is
nu een rode reus.
Op een gegeven moment zal de temperatuur en dichtheid in de sterkern hoog
genoeg zijn voor het volgende fusieproces, namelijk van helium tot koolstof en
zuurstof. De manier waarop de fusie begint hangt af van de massa van de ster.
In een ster zwaarder dan circa twee zonsmassa’s gedraagt het gas zich volgens
de ideale gaswet: toename van temperatuur (door de kernenergie-productie) gaat
dan gepaard met toename van gasdruk. Dus het gas expandeert en dit werkt
de initie¨le temperatuurstijging tegen, met als gevolg dat de kernreacties stabiel
verlopen. Aan de andere kant, voor een ster onder de twee zonsmassa’s is het
materiaal in de sterkern ‘gedegenereerd’. Dit houdt in dat de dominante druk
geleverd wordt door quantummechanische effecten (die belangrijk zijn bij grote
dichtheden) en niet door de gasdruk. In deze toestand zijn de temperatuur en
druk van elkaar ontkoppeld. Er is dus geen stabiliserende expansie van het gas,
en de kernreacties verlopen in een versneld tempo. Dit ongecontroleerde proces,
de zogeheten helium flits, gaat door totdat de gasdruk zodanig gestegen is dat de
ideale gaswet weer van toepassing is, en de kernreacties gaan dan stabiel verder.
Wat er gebeurt wanneer de heliumvoorraad op is, hangt wederom af van
de massa van de ster. Lichte sterren (< 8 zonsmassa’s) worden niet heet ge-
noeg voor andere fusieprocessen, en eindigen hun leven als witte dwergen. De
zwaarste sterren (> 8 zonsmassa’s) doorlopen opeenvolgende fusiestadia waarin
steeds zwaardere elementen, tot en met ijzer, gevormd worden. Kernfusie in
sterren houdt dan op, omdat ijzer de sterkst gebonden atoomkern heeft. Dit
heeft als gevolg dat fusie van zwaardere atoomkernen geen energie meer oplevert,
maar juist energie kost. Uiteindelijk zal de ijzeren kern van een zware ster ineen-
zakken onder zijn eigen zwaartekracht. Met een schokgolf worden de buitenste
lagen weggeblazen in een supernova. De energieproductie tijdens een supernova is
enorm: deze is zo fel als een miljard zonnen, en er is genoeg energie om elementen
zwaarder dan ijzer te vormen. Het achtergebleven object is een neutronenster of
voor hele zware sterren een zwart gat.
De supernova schokgolf plant zich voort in de ruimte en kan in een nabije
moleculaire wolk de rust verstoren. Dit kan tot stervorming leiden, en de levens-
cyclus van een ster begint opnieuw. De nieuwe sterren (en hun planeten) zijn
nu verrijkt met zware elementen geproduceerd door de vorige generatie sterren.
Dit process is essentieel voor het onstaan van leven zoals wij het kennen dat
gebaseerd is op koolstof. In het begin van het heelal waren er namelijk slechts
lichte elementen aanwezig, voornamelijk waterstof, helium en een klein beetje
lithium.
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Open vragen
Het is dus in grote lijnen bekend hoe sterevolutie verloopt. Er zijn echter nog
vele fases in een sterleven die we nog niet volledig begrijpen. Bijvoorbeeld, wat
gebeurt er precies tijdens de helium flits? Dit proces verloopt zo snel en is zo-
danig ingewikkeld dat het moeilijk te volgen is met de huidige computersimulaties.
Verder bevinden veel sterren zich in een dubbelstersysteem. Het bovenstaande
verhaal wordt dan gecompliceerd, doordat in nauwe systemen de ene ster massa
kan overdragen aan de andere. De details van de massaoverdracht zijn veelal on-
bekend. Ook weten we niet hoe verschillende atomaire fysische processen precies
werken in het binnenste van een ster. Processen zoals diffusie, turbulentie, en ro-
tatie kunnen voor een efficinte vermenging van het stermateriaal zorgen, en dus
nieuwe nucleaire brandstof naar de fuserende sterkern voeren. Dit heeft invloed
op hoe lang een ster kan leven en welke/hoeveel elementen ze kan produceren.
Asteroseismologie: het binnenste van een ster blootgelegd
Bovenstaande vragen vereisen een gedetailleerde kennis van de interne opbouw
van een ster. Maar hoe kunnen we het binnenste van een ster blootleggen, gezien
het feit dat het licht dat we waarnemen van het steroppervlak komt? Het ant-
woord ligt dicht bij huis: door aardbevingen en seismische golven te bestuderen
hebben seismologen de inwendige structuur van de Aarde nauwkeurig in kaart
gebracht. Het blijkt dat er in sterren ook golven lopen, en sommige sterren
kunnen hierdoor gaan trillen in hun resonantie-frequenties. Asteroseismologie is
de studie van dergelijke pulserende sterren (niet te verwarren met radiopulsars).
Het steroppervlak beweegt door de trillingen, en dit veroorzaakt fluctuaties in
het uitgestraalde licht. Dus al kunnen we niet op een steroppervlak zitten om de
stertrillingen te meten, we kunnen wel de fluctuaties in het sterrelicht waarnemen
met gevoelige instrumenten vastgehecht aan grote telescopen. De karakteristieken
van de lichtfluctuaties (frequenties en golfgetallen) zijn afhankelijk van de interne
sterstructuur, en dit kunnen we gebruiken om in het binnenste van een ster te
‘kijken’.
Een aardbeving wordt meestal veroorzaakt door verschuivingen van tektoni-
sche platen en de opgewekte seismische golven kunnen tot maximaal enkele da-
gen na de beving worden waargenomen. Echter, een ster is een gasbol (dus
ze heeft geen tektonische platen) en de trillingen in een pulserende ster worden
voortdurend waargenomen. Een natuurlijke vraag is dan, welk continu proces
veroorzaakt stertrillingen? Er zijn verschillende mogelijkheden, de belangrijkste
is het zogenaamde opaciteitsmechanisme. Dit werkt volgens het principe van een
warmtemotor waarin effectief warmte wordt omgezet in beweging. Sommige la-
gen van een ster hebben een verhoogde opaciteit (oftewel absorbtievermogen) voor
fotonen, namelijk de ionisatielagen waar bepaalde atomen (gedeeltelijk) worden
ge¨ıoniseerd. Op deze manier worden fotonen, die in het binnenste van een ster
geproduceerd zijn, tijdelijk ‘vastgehouden’ tijdens hun reis naar het oppervlak.
De stralingsenergie van de fotonen wordt dan omgezet in warmte en vervolgens in
bewegingsenergie van een trilling. De ionisatielaag moet op een bepaalde plek in
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de ster liggen om efficient de trillingen aan te kunnen slaan. Dit verklaart waarom
niet alle sterren trillen. Gelukkig worden pulserende sterren waargenomen in aller-
lei levensfases (o.a. hoofdreeks sterren, rode reuzen, witte dwergen) en kunnen
we asteroseismologie toepassen doorheen bijna de gehele sterevolutie.
De subdwerg B sterren
De nieuwste klasse van pulserende sterren, ontdekt in 1997, zijn de subdwerg
B sterren (afgekort sdB sterren). Deze zijn we niet tegengekomen in onze kor-
te beschrijving van sterevolutie. Dat komt doordat er iets opmerkelijks moet
gebeuren voordat deze sterren ontstaan: tijdens de rode reuzenfase moet de ster
bijna haar gehele buitenste waterstoflaag kwijt zijn geraakt, terwijl ze ver genoeg
gee¨volueerd was om heliumfusie te starten. De kernfusie begint naar verwachting
in een helium flits, maar in principe is een stabiele nucleaire ontbranding ook
mogelijk. Een sdB ster heeft dus een heliumfuserende kern met daaromheen
slechts een dun laagje waterstof. Er is nog veel onduidelijk over de toedracht van
het massaverlies. Hoogstwaarschijnlijk speelt massaoverdracht naar een andere
ster een belangrijke rol, aangezien veel sdB sterren in dubbelstersystemen zijn
waargenomen. Dat sommige sdB sterren trillen, komt door een opeenhoping van
ijzer (en soortgelijke metalen) in de buitenste laag als gevolg van ingewikkelde
diffussieprocessen. Dit zorgt voor een verhoogde opaciteit en een efficie¨nte wer-
king van de opaciteitsmechanisme. Deze combinatie van omstandigheden maken
de sdB sterren zeer interessant voor asteroseismologie. In hun trillingen schuilt
informatie over o.a. de helium flits, dubbelsterinteracties, en diffussieprocessen.
Dit proefschrift
Mijn werk is theoretisch van aard en is uitgevoerd in samenwerking met Maja
Vucˇkovic´, die zich in haar doctoraatsproject heeft gericht op de observaties en
data analyse. Ons gezamenlijke doel was het beter begrijpen van de subdwerg B
sterren aan de hand van asteroseismologie. Het specifieke doel van dit proefschrift
was het construeren van de nodige theoretische stermodellen. Ik heb hierbij de
vorming en de evolutie van een ster in acht genomen, iets wat in de bestaande
literatuur niet gedaan werd.
Hoofdstuk 1 geeft een inleiding tot de verschillende onderwerpen die in dit
proefschrift aan bod komen, en is uitgebreider dan deze beschrijvende Nederlandse
samenvatting.
In Hoofdstuk 2 hebben we het dubbelstersysteem PG 1336−018 bestudeerd.
Dit unieke systeem is de enige bekende eclipserende dubbelster met een pulserende
subdwerg B ster. Bovendien heeft de dubbelster een nauwe baan; de afstand
tussen de twee sterren is kleiner dan de straal die de sdB ster had toen ze een rode
reus was. Dit betekent dat PG 1336−018 gevormd is in een zogenaamde common
envelope. In deze fase spiraliseren twee sterren in een gezamenlijke schil naar bin-
nen en uiteindelijk wordt de schil weggeblazen. Dit ingewikkeld hydrodynamisch
proces is nog niet goed begrepen en er zijn twee verschillende parametrisaties
voorgesteld om het te beschrijven, gebaseerd op oftewel behoud van energie of-
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tewel behoud van impulsmoment. We hebben de evolutie van PG 1336−018
teruggerekend met behulp van een gedetailleerde sterevolutiecode, en gevonden
dat de energie-parametrisatie impliceert dat de sdB ster heliumfusie is begonnen
in een flits. De impulsmoment-parametrisatie, daarentegen, laat zowel de helium
flits als nucleaire ontbranding in niet-gedegenereerde omstandigheden toe. Het
laatste geval werd tot nu toe niet meegenomen in studies van stertrillingen. In
Hoofdstuk 3 hebben we dat wel gedaan. We vonden dat de stertrillingen voor de
twee scenarios (flits vs niet-gedegenereerd) in het algemeen verschillend zijn, en
asteroseismologie dus het potentieel heeft de voorgaande evolutie van de sdB ster
te achterhalen.
In Hoofdstuk 4 hebben we de fysica in onze stermodellen verbeterd door
o.a. belangrijke diffussieprocessen mee te nemen. Vooral het zinken van zware
elementen blijkt een groot invloed op de ster-structuur en -trillingen te hebben,
terwijl dat in de bestaande literatuur verwaarloosd werd.
In Hoofdstukken 2 tot en met 4 hebben we ons geconcentreerd op de kort-
periodieke (100− 250 s) trillingen in sdB sterren die in 1997 ontdekt zijn. Sinds
2003 zijn ook lang-periodieke trillingen (30 min−2 uur) waargenomen in sdB
sterren. In Hoofdstuk 5 hebben we aangetoond dat deze soort trillingen gevoelig
zijn voor gedetailleerde stratificaties van de composities in de sdB ster. Voor het
eerst is er gekeken naar de invloed van de helium flits op de stertrillingen. Verder
hebben we gevonden dat door het consistent meenemen van diffusieprocessen,
onze stermodellen met trillingen goed overeen komen met de waarnemingen. De
tot nu toe bestaande theoretische modellen daarentegen hadden een te lage tem-
peratuur vergeleken met observaties.
Hoofdstuk 6 beschrijft de fotometrische methode van modus identificatie, of-
tewel de bepaling van de golfgetallen van waargenomen trillingen aan de hand
van fotometrische waarnemingen De golfgetallen beschrijven de geometrie van
een bepaalde stertrilling en ze zijn belangrijk voor het vinden van een passend
theoretisch stermodel voor een waargenomen ster. Door de ster te observeren
in verschillende kleurenfilters, kan de amplitude van de trillingen als functie van
de golflengte bepaald worden. De verhoudingen van amplitudes in verschillende
filters zijn afhankelijk van het golfgetal, en kunnen dus gebruikt worden voor
modus identificatie. We hebben theoretische amplitude verhoudingen berekend
voor PG 1336−018, het systeem waar we dit proefschrift mee zijn begonnen.
Vergelijking met observaties levert een modus identificatie op die consistent is
met een eerdere onafhankelijk studie.
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